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Nekomutativni prostor

[x̂µ, x̂ν ] 6= 0

[x̂µ, x̂ν ] = iθµν

θµν realna, konstantna i antisimetrična matrica.
[θ] = L2, θ = Λ−2

NC

Mojal-Weyl-ov ili ?-proizvod

(Âx , ·) ↔ (Ax , ?)

W : Ax → Âx

W (f ) = f̂ = 1
(2π)2

∫
d4keikµx̂

µ

f̃ (k)

W (f ) ·W (g) = f̂ · ĝ = W (f ? g)

(f ? g)(x) = exp
(

i
2θ
µν ∂

∂yµ
∂
∂zν

)
f (y)g(z)

∣∣∣
y ,z→x∫

f̂ · ĝ ≡
∫

d4x f ? g ≡
∫

d4x fg
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W (f ) = f̂ = 1
(2π)2

∫
d4keikµx̂

µ

f̃ (k)

W (f ) ·W (g) = f̂ · ĝ = W (f ? g)
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(f ? g)(x) = exp
(

i
2θ
µν ∂

∂yµ
∂
∂zν

)
f (y)g(z)

∣∣∣
y ,z→x∫

f̂ · ĝ ≡
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Lorencova simetrija je eksplicitno narušena.

Gradijentne teorije se definǐsu pomoću Sajberg-Vitenovog
preslikavanja.

Gejdž transformacija: δ̂λ̂ψ̂(x) = iλ̂(x) ? ψ̂(x)

Kovarijantni izvod: Dµψ̂(x) = ∂µψ̂(x)− iÂµ ? ψ̂(x)

Jačina polja: F̂µνψ̂(x) = i[Dµ
?, Dν ]ψ̂(x)

F̂µν = ∂µÂν − ∂νÂµ − i[Âµ ?, Âν ]
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SW preslikavanje

λ̂Â
ψ̂

→
λA
ψ


Âµ(A; θ)→ eiλ̂(λ,A;θ) ? (Â(A; θ) + i∂µ) ? e−iλ̂(λ,A;θ) ≡ Âµ(A′; θ)

Âµ(A; θ) + δ̂λ̂Âµ(A; θ) = Âµ(A + δλA; θ)

ψ̂(ψ,A; θ)→ eiλ̂(λ,A;θ) ? ψ̂(ψ,A; θ) ≡ ψ̂(ψ′,A′; θ)

ψ̂(ψ,A; θ) + δ̂λ̂ψ̂(ψ,A; θ) = ψ̂(ψ + δλψ,A + δλA; θ)

δλ1 λ̂(λ2,A; θ)− δλ2 λ̂(λ1,A; θ)− i[λ̂(λ1,A; θ) ?, λ̂(λ2,A; θ)] =
−iλ̂([λ1, λ2],A; θ)
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Mojal-Weyl-ov ili ?-proizvod
Polja na NC prostoru
Seiberg-Witten-ovo preslikavanje

SW preslikavanje

λ̂Â
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Nejednoznačnosti SW preslikavanja:

λ′(1) = ic1,λθ
µν [Aµ, ∂νλ]

A
′(1)
ρ = ic1,λθ

µν [DρAµ,Aν ]− 2ic1,Aθ
µνDρFµν

ψ′(1) = −c1,λθ
µνAµAνψ + 1

2 c1,ψθ
µνFµνψ

A
(n)
ρ → A

(n)
ρ + A(n)

ρ , ψ(n) → ψ(n) + Ψ(n)

∆S (n,A) =
∫

d4x(DρF ρµ)A(n)
µ , ∆S (n,ψ) = i

∫
d4xψ̄γµ(DµΨ(n))
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Nekomutativni prostor
Renormalizabilnost

Zaključak

Bozonski sektor NCSM
Fermionski sektor NCSM

Uopštena nekomutativna gejdž teorija

Sa = SNC
YM + a−1

4 Tr
∫
d4x(θµνFµν ? Fρσ ? F ρσ)

Sa =∫
dx
(
−1

4 F a
µνF aµν + 1

4θ
µνdabc

(
a
4 F a

µνF b
ρσ − F a

µρF b
νσ

)
F cρσ

)
a = 1, a = 3
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Uopštena nekomutativna gejdž teorija
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NC kiralna ED

L0 = iϕ̄σ̄µ(Dµϕ)− 1
4 FµνFµν

L1,A = −1
2θ
µν
(
FµρFνσF ρσ − 1

4 FµνFρσF ρσ
)

L1,ϕ = − i
16 hθµν∆αβγ

µνρ Fαβ ϕ̄ σ̄
ρ(Dγϕ) + h.c.

ψ =

(
ϕα
ϕ̄α̇

)
L0 = i

2 ψ̄γ
µ(∂µ − iγ5Aµ)ψ − 1

4 FµνFµν

L1,A = − 1
2θ
µν
(
FµρFνσF ρσ − 1

4 FµνFρσF ρσ
)

L1,ψ = − i
16θ

µν∆αβγ
µνρ Fαβψ̄γ

ρ(∂γ − iγ5Aγ)ψ
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BC = �I + N1 + T1 + T2

Kvantna korekcija:

Γ(1) =
i

2
STr log

(
I + �−1N1 + �−1T1 + �−1T2

)
=

i

2
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n
STr
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κψ iγ5 /A/∂
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4
θµν∆αβγ

µνρ δ
κ
α(∂βψ̄)γρ∂γ/∂
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4
θµν∆αβγ

µνρ δ
λ
αγ

ρ(∂βψ)∂γ − 1
8
θµν∆αβγ

µνρ Fαβγ
ρ∂γ/∂

)

Vκλ = −∂σV σκ,τλ∂τ
V σκ,τλ = 1

2
(gστgκλ − gσλgτκ)θαβFαβ − gκλ(θξσFξ

τ + θξτFξ
σ)−

gστ (θξκFξ
λ + θξλFξ

κ) + gκτ (θξλFξ
σ + θξσFξ

λ) + gσλ(θξκFξ
τ + θξτFξ

κ)−
θκλFστ + θκτFσλ + θσλFκτ + θσκF τλ + θτλFσκ − θστFκλ

T2 = −
1

8
θµν∆αβγ

µνρ
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δκαδ

λ
β (∂γ ψ̄γ5γ
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ρ/∂
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ρψ(2Aβ∂γ + Fβγ) iFαβAγγ5γ

ρ/∂

)
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4ψ verteks

Γ4ψ ∼ 1
(4π)2ε

εµνρσθ
µν(ψ̄γ5γ

σψ)(ψ̄γρψ)

D1 = STr
(
(�−1N1)3(�−1T1)

)
D2 = STr

(
(�−1N1)2(�−1T2)

)
Aµ = 0 ⇒ V κλ = 0

D1|4ψdiv = 0

D2|4ψdiv = −3
8

1
(4π)2ε

εµνρσθ
µν(ψ̄γργ5ψ)(ψ̄γσγ5ψ) = 0
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Divergentni deo efektivnog dejstva

Γ(1)|div = Γ2 + Γ3 + Γ4 = Γ2 + Γ3

Γ2 = − i

2
STr(�−1N1�

−1T1)|div

=
1

(4π)2ε
θµν

(
i

12
εµν

ρσ(∂ρψ̄)γσ(�ψ) +
1

12
εµ
ρστFρσ(�Fντ )

)
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Divergentni deo efektivnog dejstva: 3-point

Γ3 = i
2

(
STr(�−1N1�−1N1�−1T1)

∣∣
div
− STr(�−1N1�−1T2)

∣∣
div

)
Γ3 =

1

(4π)2ε
θµν

(
1

6
FµνF ρσFρσ −

2

3
FµρF νσFρσ +

5i

6
Fµρψ̄γ

ρ(∂νψ)

− i

6
Fµρψ̄γν(∂ρψ)− 2i

3
Fµνψ̄γ

ρ(∂ρψ) +
4

3
εµ
ρστFρσψ̄γ5γτ (∂νψ)

+
3

2
εµν

ρσFρτ ψ̄γ5γσ(∂τψ) +
1

8
εµν

ρσFρσψ̄γ5γ
τ (∂τψ)

+
1

12
εµν

ρσAρψ̄γ5γσ(�ψ)− 1

6
εµν

ρσAτ (∂ρψ̄)γ5γσ(∂τψ)

+
1

12
εµν

ρσ(∂τAτ )ψ̄γ5γρ(∂σψ)

)
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Nekomutativni prostor
Renormalizabilnost

Zaključak

Bozonski sektor NCSM
Fermionski sektor NCSM

Divergentni deo efektivnog dejstva: 3-point

Γ3 = i
2

(
STr(�−1N1�−1N1�−1T1)

∣∣
div
− STr(�−1N1�−1T2)

∣∣
div

)
Γ3 =

1

(4π)2ε
θµν

(
1

6
FµνF ρσFρσ −

2

3
FµρF νσFρσ +

5i

6
Fµρψ̄γ

ρ(∂νψ)

− i

6
Fµρψ̄γν(∂ρψ)− 2i

3
Fµνψ̄γ

ρ(∂ρψ) +
4

3
εµ
ρστFρσψ̄γ5γτ (∂νψ)

+
3

2
εµν

ρσFρτ ψ̄γ5γσ(∂τψ) +
1

8
εµν

ρσFρσψ̄γ5γ
τ (∂τψ)

+
1

12
εµν

ρσAρψ̄γ5γσ(�ψ)− 1

6
εµν

ρσAτ (∂ρψ̄)γ5γσ(∂τψ)

+
1

12
εµν

ρσ(∂τAτ )ψ̄γ5γρ(∂σψ)

)
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Γ2 =
1

(4π)2ε
θµν

(
i

12
εµν

ρσ(∂ρψ̄)γσ(�ψ) +
1

12
εµ
ρστFρσ(�Fντ )

)
Γ2 = − 1

12

1

(4π)2ε
θµν

(
εµρστ (DλF ρλ)(DνF στ )

+εµνρσ
(
i(Dρϕ̄)σ̄σ(D2ϕ) + h.c.

))
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Bozonski sektor NCSM
Fermionski sektor NCSM

Divergentni deo efektivnog dejstva: 3-point

Γ3 =
1
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θµν
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1

6
FµνFρσF ρσ − 2

3
FµρFνσF ρσ

)
+

1

(4π)2ε
θµν

(
5i

6
Fµρ ϕ̄σ̄

ρ(Dνϕ)− i

6
Fµρ ϕ̄σ̄ν(Dρϕ)

− 2i

3
Fµν ϕ̄σ̄

ρ(Dρϕ) +
4

3
εµρστF ρσ ϕ̄σ̄τ (Dνϕ)

+
3

2
εµνρτF ρσ ϕ̄σ̄τ (Dσϕ)

+
1

8
εµνρσF ρσ ϕ̄σ̄τ (Dτϕ) + h.c.
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ρσνρϕ+ b3qFµνϕ+ ib4qεµνρσF

ρσϕ),
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Nekomutativni prostor
Renormalizabilnost

Zaključak
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Nekomutativni prostor
Renormalizabilnost

Zaključak
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Doprinos SW nejednoznačnosti

S ′NC = SNC + ∆S
(1)
SW

∆L(1)
SW = i

b1

2
θµνεµνρσϕ̄σ̄

σDρD2ϕ

+ qθµν
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−i
(
b1 +

b2

2

)
Fµρϕ̄σ̄νD

ρϕ+ i
b2

2
Fµρϕ̄σ̄

ρDνϕ

+ib3Fµν ϕ̄σ̄
ρDρϕ+

(
a1 + a2 −

b2

4
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εµρστF

ρσϕ̄σ̄τDνϕ
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a2

2
+ b4

)
εµνρσF

ρσϕ̄σ̄τDτϕ
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+ h.c.

κ2 = −b2, κ3 = b1
2 , κ4 = −b1 − b2

2 , κ5 =
b2
4 + b3, κ6 = a1 + a2 − b2

4 , κ7 = a3 − a2
2 + b4

κ2 − 4κ3 − 2κ4 = 0
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Bozonski sektor NCSM
Fermionski sektor NCSM

Kvantizacija novog modela

Γ(1) =
i

2
STr log

(
I + �−1N1 + �−1T0 + �−1T1 + �−1T2

)
=

i

2

∑ (−1)n+1

n
STr

(
�−1N1 + �−1T0 + �−1T1 + �−1T2

)n
.

T0 = 2κ3θ
µνεµνρσ

(
0 0
0 γσ/∂∂ρ�

)
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T1 =
∑7

i=2 Tκi
1

Tκ2
1 = 1

8
κ2qθµν∆αβγ

µνρ

(
0 2δκα(∂βψ̄)γρ∂γ/∂

2iδλαγ
ρ(∂βψ)∂γ Fαβγ

ρ∂γ/∂

)
T

κ3
1 =

2κ3qθ
µνεµνρσ

 0 i(ψ̄M
ρκ
αβ
∂α∂βψ − (∂ρψ̄)∂κ)γ5γσ /∂

γ5γσ(M
ρλ
αβ

(∂α∂βψ)−
←
∂ρ (∂λψ)) i(Nραβ∂α∂β−

←
∂ρ Aτ∂τ )γ5γσ /∂


T

κ4
1 = 2κ4qθ

µν

 0 (
←
∂ µ gρκ−

←
∂ ρ gµκ)ψ̄γν∂

ρ /∂

iγν (∂ρψ)(gρλ∂µ − gµλ∂ρ) Fµργν∂
ρ /∂


T

κ5
1 = 2κ5qθ

µν

 0 2
←
∂ µ gνκψ̄�

2iγρ(∂ρψ)gνλ∂µ Fµν�


T

κ6
1 = 2κ6qθ

µνεµρστ

 0 2i
←
∂ρ δσκ ψ̄γ

τγ5∂ν /∂

−2δσλγ
τγ5(∂νψ)∂ρ iFρσγτγ5∂ν /∂


T

κ7
1 = 2κ7qθ

µνεµνρσ

 0 −2i
←
∂ρ δσκ ψ̄γ

5�

−2δσλγ
τγ5(∂τψ)∂ρ −iFρσγ5�


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Nekomutativni prostor
Renormalizabilnost

Zaključak
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T2 =
∑5

i=2 Tκi
2

T
κ2
2 =

1
8
κ2q

2θµν∆αβγ
µνρ

 2δλβδ
κ
γ ψ̄γ

ργ5ψ∂α −i(δκγ Fαβ + 2
←
∂ α δκβAγ )ψ̄γργ5 /∂

γργ5ψ(Fαβδ
λ
γ + 2Aγδ

λ
β∂α) −iFαβAγγ

ργ5 /∂


T

κ3
2 =

−2κ3q
2θµνεµνρσ

 i(2δ
ρ
λ
ψ̄γσ(∂κψ) + gλκψ̄γ

σ(∂ρψ)) 2Aαψ̄∂βP
ρ
αβγ

γσ /∂

2iγσAα(∂βψ)P
ρ
αβλ

γσ(2AτAρ∂τ + AτAτ∂
ρ)/∂


T

κ4
2 = 2κ4q

2θµν

 −gρκψ̄γ5γνψδ
λ
[ρ∂µ] i(Fµκ+

←
∂ [µ gρ]κAρ)ψ̄γ5γν /∂

−γ5γνψ(Fµλ + Aρgλ[ρ∂µ]) iFµρA
ργ5γν /∂


T

κ5
2 =

2κ5q
2θµν

 2δλµψ̄γ5γ
κψ∂ν i(Fµν ψ̄γ5γ

κ + 2
←
∂ µ δκν Aρψ̄γ5γρ)/∂

−Fµνγ5γ
λψ + 2Aργ5γρψδ

λ
ν ∂µ iFµνγ5 /A/∂


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Divergencije u novom modelu

L′NC + L′ct = −
1

4
FµνFµν

(
1−

4

3

q2

(4π)2ε

)
+

1

2

(
iϕ̄σ̄

µDµϕ + h.c.
)(

1− 2
q2

(4π)2ε

)

+
1

2
qµ

ε
2 θ

µν
(
FµρFνσFρσ −

1

4
FµνFρσFρσ

)(
1−

4

3

q2

(4π)2ε
(1 + κ2 − 8κ3 − 4κ4)

)

+
1

16
qµ

ε
2 θ

µν∆αβγ
µνρ Fαβ

(
iϕ̄σ̄

ρDγϕ + h.c.
)(

1 + κ2 +
q2

(4π)2ε

−5 + 3κ2 − 20κ3 − 20κ4 − 8κ5 + 8κ7

3

)

+qµ
ε
2
(
iθ

µν
εµνρσϕ̄σ̄

σDρD2
ϕ + h.c.

)(
κ3 −

q2

(4π)2ε

−κ2 + 16κ3 + 14κ4 − 4κ5 + 16κ7

12

)

+qµ
ε
2
(
iθ

µνFµρϕ̄σ̄νDρ
ϕ + h.c.

)(
κ4 +

q2

(4π)2ε

−1 + 9κ2 + 68κ3 + 26κ4 − 4κ5 − 8κ7

6

)

+qµ
ε
2
(
iθ

µνFµν ϕ̄σ̄
ρDρϕ + h.c.

)(
κ5 +

q2

(4π)2ε

−1− κ2 − 20κ3 − 6κ4 − 4κ5 + 8κ7

4

)

+qµ
ε
2
(
θ
µν
εµρστFρσ

ϕ̄σ̄
τDνϕ + h.c.

)(
κ6 −

q2

(4π)2ε

6 + 5κ2 − 132κ3 + 24κ4 + 24κ5 + 72κ6 − 24κ7

36

)

+qµ
ε
2
(
θ
µν
εµνρσFρσ

ϕ̄σ̄
τDτϕ + h.c.

)(
κ7 +

q2

(4π)2ε

7 + κ2 − 16κ3 + 2κ4 + 4κ5 − 16κ7

8

)
.
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Bozonski sektor NCSM
Fermionski sektor NCSM

Gola polja i konstante

ϕ0 =
(

1− q2

(4π)2ε

)
ϕ

Aµ0 =
(

1− 2
3

q2

(4π)2ε

)
Aµ

q0 = µ
ε
2

(
1 + 2

3
q2

(4π)2ε

)
q

θµν0 =
(

1− 4
3

q2

(4π)2ε
(κ2 − 8κ3 − 4κ4)

)
θµν

Maja Burić, Duško Latas, Biljana Nikolić, Voja Radovanović Nejednoznačnost SW preslikavanja i renormalizabilnost. . .



Nekomutativni prostor
Renormalizabilnost

Zaključak
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Zaključak

Krenuli smo od NC kiralne ED, uzimajući najopštiji oblik SW
preslikavanja.

Dobili smo da je SW preslikavanje nekomapatibilno sa
kvantizacijom zbog ponašanja fermionskog sektora.

θ-razvijena kiralna ED nije renormalizabilna, što znači da se
takve teorije ne mogu posmatrati kao funadamentalne teorije.

Ovaj rezultat sugerǐse da se na nekomutativnom prostoru
materija opisuje na neki drugi, još uvek nepoznat način.
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Nekomutativni prostor
Renormalizabilnost

Zaključak
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Nekomutativni prostor
Renormalizabilnost

Zaključak
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Zaključak
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Krenuli smo od NC kiralne ED, uzimajući najopštiji oblik SW
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