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Grose-Vulkenharov (GV) model

@ Nekomutativni prostor:
[x*, x"] = i6", 6" = const.

@ Dejstvo za Grose-Vulkenharov (Grosse, Wulkenhaar, '03.) model:

2 2
s= [ 300%0 0+ Lowo+ S0 % (30) + 30w 0w o0

® X, = (O) 'x"
@ Mojal-Vajlov proizvod:

X(X) % p(x) = 2% %%y (x)p(x’)

X' —Xx



Klasi¢ni kalibracioni model

@ OdsecCena Hajzenbergova algebra u 3d:
(&', u%%) = ie(1 - p8°),  [uX", 1%°] = ie(u&P[%® + ax°ps?),
[u5?, 55°%) = —ie(uX' g5° + pxPux’)
@ Jang-Milsovo dejstvo (%3 = 0, A3 = ¢) (Burié, Grosse, Madore,

10.) :

2
+ 4ieF129? + (D1§)? + (D26h)?

— 2Py + A1, P2 — {po + A2,¢3}2)

Sy =3 TH{(1 =) (Fra)? - 2(1 ~ o + (5~ 22
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Kvantizacija

@ Prostor konstantne nekomutativnosti: 64" = “%e*“’
@ Euklidska signatura: X, = €, X"
@ Jang-Milsovo dejstvo (A, — iAx, ¢ — id):
Sym = — % f + a(Fi2)? —2auFiz x ¢ + (4 + a)u’p x ¢
+4ieFiz % ¢ % ¢ + [p1 + A1 T O + [p2 + Az T 9
—€2{p1 + A1 ¥ 912 — €¥{p2 + A2 %k 913,

gde su:
a=1-¢€  (xt*¢}=2x"¢p,

da@ =[P T Pl,  Datp=[Pa+Ax7 Q).

@ Fiksiranje kalibracije i duhovi:

Sor =5 f(a AR, Sy, = —f&&a(8“c+i[A“ * c)).



Kvantizacija

@ Kvantno dejstvo:

S =Sym+ ng + Sgh = Skin + Sint

Skin = — % faAaDA“ + 2aue*(9aA5) ¢ + pog

— (4 + a)uP¢? — 4uPx*x,¢® + 2¢Oc

Sint = — % f4€€aﬁ(8”‘A/3 +iAY % Aﬁ) * (]52 _ 2i(aa¢)[Aa * (P]

+ 2iapepA” * AP — 2iae,p0" APe gAY x A
+ a(eapA® *x APY2 1 [Ay * GI[AY * ] — €Ay ¥ GHAY ¥ )
+ 2uPeeap(XY X GHAP ¥ P} — iTIL[AY * ¢]



Kvantizacija
@ Multiplet polja

1
Skin = _Ef(Ap

@ Melerov kernel u 2d:

o

K'=o-

1 wdt
K(xy) = _gﬁ sinh wt

K(p,q) = ——

00

and,, —aueucd* AY
ape,nd" K —au?

[ _wdt
4u* Jo sinhwt

+ 2cdc,
)

At xx® — 4u®

#2 2 h @t 2 h @t
e‘T((X_y) coth & +(x+y)* tanh & )~wt

9—827((p+<7)2 coth ¥ +(p-q)? tanh 4 )~wr



Propagatori

@ Notacija: pAQg= ﬁewpyqv, p* = e*p,.
@ Propagatori:

(p(rd(s)) = K(r,s),
(A*()p(s)) = - 5K(r,5),

3 2 s0p
(A“AR(S)) = (i Ty K, 5) - ELLTES),
@ Rekurentne relacije:
(A*(r)o(s)) = —i#?—z (6(e(s)),
(2m)? 5°P5(r + 8)

(AT(NA(S)) = =it ($(11A%(s) -

a r2



Propagatori

@ Cikli¢ni proizvod Melerovih kernela:

Kn(p1/ ,pm|pm+1z /p2n)
n—m)!
= ( n! ) Z K(pm'pﬂz)K(pﬂa/ pTl4) Tt K(pﬂzn_1rp7‘£2n)-

@ Oznake:

Praj = = (F(G(s)()()),
Ponots)i = Pooii
Poryas(s)i = Poaii
Pac(ne(s)i = Pasi,
Pac(ryas(s)i = Paai-



Verteksi

Sint=(1)+(2)+...+(10)

2ie
(2 )t

(1) =- fdpdqdké(p+q+k)cospAqﬁ“Ay(P)CP(Q)(P(k)
2) = (2 )4 fdpdqdké(p+q+k)3|n P29 b (p)p(q) Au(k)

(3)=

fdpdqdké(p+q+k)008%—¢( )P(@)Au(K)

(e )4
(4) = - (:“)4 fdp dqdk 8(p + g+ k) sin 2 . 29, (p)A(@)0(K)
(5) = (2 )4 fdpdqdk 5(p+ g+ k)sin pA qukﬂAy(p)A (@)As (k)
(6) = (2 )4 fdpdqdk o(p+q+k) sin 2 p“é(p)c(q)A#(k)



Verteksi

PAQ p/\q

"= f dpdqdp'dq’ d(p +q+p'+ ') sin 5= sin =561 Au(p) (A (0 )P(')

_2_
(2 )6

(8) = fdpdqdp dq' 6(p+q+p'+q')cos %1 cos P9 q BT 50 A, (p)p(9)A(0)) ()

(2 )6

/\ //\ ’
9)=- q...P"

fdpdqdp’dq’ S(p+q+p’ +4q)sin p2 cos —
x e Au(p)AL Q)¢ (P")P(q')
pAG P Ag
2 2

X GHVgPJA[J(p)Av(q)Ap(p/)AU(q/)

2¢
(2m)®

(10) = fdequdq 5(p+q+p'+q)sin P29

a
2(2m)6
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Matrica propagatora

af a
N PAA P A
P =
B
Pon  Poo

Poo = 2(2_5U)P¢¢>ij+ Z Pook

i<j<6 7<k<10

Pla= Y (2= 8PSyt Y Pl = ,y2P¢¢+

i<j<6 7<k<10
af _ ap
Paa = Z (2=0y)P AAU T Z P aak
i<j<6 7<k<10
Fogh

B ra /(X‘B
= ,2 Pl H2P¢A lu P¢ + P,
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Matricni elementi

@ Kombinovanje doprinosa:

Pos =+ Pogt1 + 2Ppgt2 + 2Psg1a + 2P 15 + Pogez +2Pggas

+ 2Pés¢25 + Pppas + 2P<§>¢35 + P<;5¢45 + P%¢5
+ P¢¢7 + P¢¢8 + P(qug + P¢¢10

o H X o
quA_ analogni zbir ¢lanova P¢Ai/’

raf . Ly raf
P,, = analogni zbir clanova PAAU



Amputirani propagatori

@ Kineticka matrica:

X Pouy  iupy
G~ = —(2n)*as(p+q)

0 0
+K '(p, q)[ ]

wG,  p? 0o 1

@ Matrica amputiranih propagatora:

A(p,q) = (217)4 fdrds G (p,-r)P(r,s)G™'(-s,q)
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Propagatori
N*(p,q) =+ a®p*a° P}, (0, q)

a
(2m)?

M(p,) = - iaup"4,P} (P, @) - oyossp? [ Ak Pl (p K (k)

v . ~ 10V a - v
(p,q) = = e, P (P, 6) ~ 5oz | Ak K (o, kP (k)

N(p,q) = - a®1?Pp8sPin (0, Q)

1a - ’ -
-z [ Ak LK (k@) + (p )
1 ’ ! L~ ’ ’ A — /
+—(2n)4fdp dg’ K™ (p,=p")Poo(p’, 4 )K™ (=4, q)
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Amputirani propagator

n(r,s) =

sin? B2L

-4a“ﬁ5(r+s)fdp

Slrl2 par

+4a2(4(r - 5)57 - 5r7sF)o (r+s)fdpm
2 2

) o2 PAT ppf

—160(r+s)fdp s - 8
2 (p-3Pp+3)

16u> P ras ) . PAQ
_mmsmTfdpdqb(—r—s+p+q)smx 5 K(p,q)

Baut (r+s)*8F — (r+s)fi - S(r+s)2e®  ps _ pAg 1

@n)e 192 sin —= dpdqo(-r — s+ p+ q) sinx 3 @

8e (r+5s)*8F —(r+s)fi* - J(r+s)2e®  ras pAq

@2 TESE sm?fdpdqé(—r—s+p+q)cos—K(p,q)

8au? gAs p-q

7 ﬁfd dqo(-r— Ellsint22 2 _K(p,

+(2 B 8 pdqé(-r s+p+q)sm sm 2 pR(p-12 (p,q)

8 gP
- apzfdpdqb(*f*S+P+q)Sinp—MsinqAS BT ko)

2 2 p
4 B
Zaiz fdpdqé( r—s+p+q)sm—smq2 PZ K(p,q)
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Amputirani propagator

qu

e )26“f‘fdpdq6 r—s+p+q)sm—sm K(p,q)
_ 4 6“5fdpdqé(—r—s+p+q)coswcosq—/\sK(p,q)
(@n)? 2
16eu2 e (r + s)H sin pAg 9
(Mzw fdpdqé (=r=s+p+qg)cos —— o7 K(p.q)
8ep? (r+S)"§ﬁf(r+S)ﬁ?“ L TAS pAg
_ (271)4W n—- dpdqdké(p+q+k)cos—Kg(p,q,k r+s)
8c2
@ r"sﬁfdpdqdpdqé( r+p+q)o(-s+p +q)cosp2qcospAq Ka(p,a,p",q")
8
+Wfdpdqdpdq6( r+p+a)d(-s+p'+q)sin qs pAq = Ka(p, a0 q')

8a?

8 ’
+ @ )f2?“513fdpdqdp’dq’b(—r+p+q)b(—s+p’+q’)sinxpAq prg !
7T )7 €

sinx ——

16au* (r+s)*8f — (r + s)PFe inAS f pAg 1
- dpdgdk o k
(2n)te (r+s)2 pdqdkdlp+q+i)sinx =3 (p+9)? e
16acu® (r+s)%8F - (r+ )P  ras pAg(P+Q¥ 9
n—— | dpdqdko k)cos ——
(en)* (r+s)? 2 pdq (p+q+k) 2 (p+g)p2 JpH
32e24 s Ao 2
ad i fdpdqdp’dq’é(—rer +q)5(-s+ p’+q’) cos PAG s P NG J

555 Ke
2 p2g2p2q2
(p,q.k,r+s)

Ka(p,q,k,r+s)

-
> 2 ik Ka(p,q,p’,q")

16/32



Amputirani propagator

1Ga,u4~aj‘ __PATr . qAs o
- F dpdqo(-r-s sm—iK ,
[ @n)e pdqgo( +p+g)sinx =3 7 R2Rp-rp (p.q)
16ep? 7@ ras pAG 9
+ sin —— [ dpdqo(-r-s+p+q)cos —(— ,
@) (1) 2 pdqd( p+a) 2 o K(p.q)
8au? r/\sf _pagpP
- ————sin—— | dpdqo(-r-s +q)sin = K(p,
@E 2" 2 pdqs( +p+9) 2 (p.q)
8 e . rAS L L PAG.g
+wmsm?fdpdqb( r=s+p+q)sin —-=p K(p,q)
aut ) A 'Aq 1
+ 'u4 r“sf‘fdpdqdp’dq’é(—r+p+q)é(—s+p’+ q’)smxpzqcosp 2q ﬁKz(p,q,p',q’)
L et o, fd dqdpdqs(r +p -+ qo(=s + '+ ) sinx P2 sin AT PP
(Zn)4€ pdqdp’dq p+q p'+dq 5 2 2@
s ‘7 PMJ a -
+( 75 | dpdqdp’dq’s(-r+p +q)5(-s +p’ +q)sm cos ——p* Kz(p,q,p’,q’)
16ay PAQ p’Ag 1

(2r

169 ‘Ag 9
y fdpdqdpdqb( r+p+q)(-s+p’ +q)cos PAG P 1T
(2n) 2 2 8pﬁ
- 16eps? dpdqdp’dq’s(-r +p +q)5(-s + p’+ q’) cos —— Prq sin P /\q Eot pf 19
(2m)* 2 IPa

+ew — o)

2B P A S S(_ ) :
4sfdpdqdpdqb( r+p+q)d(-s+p’+q)cos 5 sin— 2q7 ap
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Amputirani propagator

ne(r,s) =
16iau®  s@ rAs A . pAg 1
+6(277)2WsmTfdpdqb(—r—s+p+q)smx > p—zK(p,q)
8iu 7o . rAS . pAQ
——— sin—— | dpdqd(-r-s sin ——(p-s)K(p,
@) 2(r 18 2 pdqd( +p+q) > (P-8)K(p.q)
4i 3o
+ s fdpdqb( r—s+p+q)sin 22l sin 922 k(p, g)
(2m)2 2 2
4i
iy & fdpdqé r—s+P+q)cosp—cosq—K(p, q)
(2m)2 s2 2
g pA qn

(2n) fdpdqé(—r—s+p+q)sinTsin 2 q—z K(p, q)

18/32



Amputirani propagator

4ie?u

PAT qrs gt
dpdqo(-r-s cos—cos — K(p,
+(2n) fp qo(-r-s+p+q) 2 z & (p,q)
8ie CpAT A S D
- !’2 fdpdqb(—r—s+p+q)smp2 cos%i—zK(p,q)
8'3“ fd dqo(~r—s+p+q)sin 2201 smxmﬂx( )
T (2n)2e 2 pdq pPtq z p.q
32'“ fd dqo(-r-s+p+ )smxp/\rcosq—/\S;K( )
(@n)? pdq p+q > 2 p2p-re P.q
8iu . . PAr . gqAS p-S
+ @2 (2—a)r"fdpdqé(—r—s+p+q)smTsm > mK(p,q)
8iau ~f pPAT qAsS  p-q
dpdqo(-r-s sin —— sin —— —— K(p,
@2 pdqd(~r~s+p +q)sin ——sin = PZ(p- 12 (p.q)
_ 16y ‘L+ fd dgo(-r—s+p+ )smp T 325 P kioq)
(@n)e pdqd( p+q 2 R P
161ap f pA qAs p*
dpdqo(-r—s+p+q)sin L sinx 325 7K(p,q)
2 2 p?(p-r)?
3213;1 I . PAT qAs 1
_ el fdpdqé(—r—s+p+q)smx 2 sinx —— 2 pPR(p-12 K(p,q)
16ieud sY(r+s)H —F¥EH  rAs X pPAQ
_ @) Wsm? dpdqb(—r—s+p+q)cosT p“ K(p,q)
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Amputirani propagator

321’6;:3[ pA gAs  p-r
- dpdqdé(-r-s+p+ sln—cos—i x)
@n)2 pdqo(- p+q) 3 Z R2por? aq K(p.q)
64Iep PA grs p®
fdpdqé( r—s+P+¢7)sm—cos—2 7’22( pE aq“ K(p, q)
32!6;1 . PAT gAs  pYpH
- dpdqé(-r-— sin—/—cos —(— 5——5 = ,q
@n)2 pdqé(-r—-s+p+q) 2 2 P12 aqy K(p.q)
16iu3 Fa AQ . P'AG
+i'—fdpdqdp’dq'é(—r+p+q)6(—5+p’+q’) P29 ik 229 Ky(p,q.0,q)
(2m)* 2 2 2
24i
+ 19“ fdpdqdp dq's(=r+p+q)d(-s+p’ +q)smp2qc prg q ——p*Ka(p,q.p’q")
16!6*#31 a ¢ - e PAG PAT ;o
@) ;2(7 g)fdpdqdpdqé(—r+p+q)6( s+ p'+q')sin == sinx =—=—p“ Ko(p, 9, P’ q')
A N
sz, fdpdqdp dq's(~r +p+ q)(~s + p'+ ¢') cos P2 T sin BLL T o (p, 0,0/, )
(2m)* 2 2 p?
|
(62151;44 1+£ifdpclqclpdqé( r+p+qo(-s+p’ +q)smp2q prag q p Ka(p,q,p’,q")
Tt
A 'Ag
2(;@;1 r"fdpdqdp dq's(=r+p+q)d(-s+p’ +q)smxp2qcosp 2q 2 Ka(p,q,p’,q")
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Amputirani propagator

16iau” pAq . pP'AQ 1
dpdqdp’dq’s(-r 5(—s Ka(p,q,
@n)te s2f pdqdp’dq’s(=r+p + q)(=s +p’+q') sinx —— S oo 2(p,q,p’q')
32ia2y” 1 S PAG . P'AG ;s
(2n)4€2r fdpdqdp dq'd(=r +p+)0(=s +p’+ q') sinx == sinx — 22 Ka(p,a,p’.q")
32i23 ras ) pAg 9
_ @07 cosT dpdqdkb(p+q+k)cosT ZKz(p,q,k,l) s

64iau’ ras pAg 1

os —— | dpdqgdk d(p + g+ k) sinx Kg(p,q,k )]
(2m)* 2 2 (p+9? d, I=r+s
16icy.? [(ar+2s)“‘sin”\—s—2 ?“cos”\—s]fd dgdk o(p + +k)coswﬂ J Kao(, k,r+s)
@) 3 €| 5 pdqdko(p+q z 2 gpr e ak
48ic?y’ o Se e PAG  PAG -
@) fdpdqdp dq'd(=r +p +q)5(=s + p’+ q’) cos == cos —— 7B (p.q.p’q')
32ie?p5 1 i s PAG . pAG D ;o
et 2 fdpdqdp dq'd(=r +p+q)5(=s +p’+q') cos = sinx —— EEN Ka(p,q,p’.q")
16ie2 3 gt L, L, pAq __P'AQ 9
et 2 fdpdqdp dq'd(=r +p+q)5(=s +p’'+q’) cos —— cos — Er Ka(p.q,p’,q")
16icu3 . . A A aJ

F(3-2a)% 2 fdpdqdp’dq’b(—r+p+q)b(—5+p’+q’)sm%cosp A p* 5o Ke(p.a,Pq)

(2n)4 P
3216# pAq__ p'AQ p*pH

fdpdqdp dq'8(-r+p+q)5(-s +p’+q')sin =~ 5 oS — 2 p,y Ka(p,q.p’,q")
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Amputirani propagator

%F“fdpdqdp'dq’é(—r+p+ Q)a(-s +p'+ ') cos 25 cos . gq ZZ 92“

h ?E22i:;25 fdp dqdp’dq’s(-r +p+q)5(-s + p’+q’) cos % sinx p’/2\ z p1’2 IPa
1(621':;:7 rﬂszu fdpdqdp’dq'b(*" +p+a)o(-s +p'+ ) sinx 229 cos p’g A ;)217 %Kz
%7“ fdp dqdp’dq’d(=r +p + )d(=s + p'+ ') sinx pTAq oo p'/; . ngg;’z ‘9"%

B G?Ziiz)ﬁs cos MTS dpdqdkd(p +q+k)cos pTAq % 8;‘28/ felpakl I=rts

322 st pAq _ p'Aq 3P '
@n)f fdpdqdp dq'5(=r+p + q)d(=s + p'+ ') cos == cos — WKz(p,q,p,q)
_ 64ie? # pAqG _ pAg pH P

fdpdqdpdqé( r+p+q)o(-s+p’ +q’)cos —— 5 0S5 ?W

Slazﬂg i . PAG.  PA] 1
- fdp 4qdp'dq'(-r + p+ )o(-s + ¢+ o )simx PG sime LT o ke
32ie?® § o , N PAG __PAGg P ,
e 2 dpdqdp’dq’s(=r+p +q)o(=s + p'+ q') cos =5 cos — A <%, Ka(p,q,p’,q")

Ka(p.q,p’,q")

q,pr.q)

Ka(p.q,p’,q")
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Amputirani propagatori

Amputirani propagator

16icud s u
o ST G0 05 ((apdga(-r-s +p + g)cos 229 2 _k(p,q)

@) 2(r+s2 " 2 2 opt
(8;’;2 fdpdqb( r—s+P+q)sstmq/2\s %K(Pﬂ)
?;f; % fdpdqé ~r=s+p+qsin 22l sin 922 ﬁ (Prq)
_?;5 sﬁ dpdqd(- r—s+p+q)5'”%s'”%zﬁ'«p’ ?

8i A
£ F dpdqdp’dq’s(-r + p + q)5(~ S+p+Q)Slnp 9gin 2 qpp'ﬁKe(p,q,pq)

(2m)*

pPAg pPAqg 1

@)
8i
Biay” ‘*fdpdqdp dq'6(~r +p+ q)o(~5 + '+ ) sinx

2 p2g

+
(2r
Slaus 78 S one. PAG_ pPAG pP ,
T et 2 dpdqdp’dq’s(-r +p +q)5(=s +p’ + q’) sinx > SN~ @Kz(p,q,p,q)
16iaud ﬁf pA gAs g
dpdqo(-r-s sn ———— K(p,
@ 2 pdqo( +p + ) sinx in = 217 (p.q)

16iau X 14
[ Ffdpdqdpdqb( r+p+q)b(—s+p’+q’)cosT in =3 WEKZ

A N
pzqcosp quz(p,q,p q)
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Amputirani propagator

16ie2u® 785 ) pAG ___ P'AG
dpdqdp’dq’s(-r S5(-s+p’+q')cos —— cos
@t s pdqdp’dq’o(-r+p+a)o(-s+p" +q’) 2
16ieud ‘AN
AL ﬁfdpdqdpdqé( repta)d(=s+p' +q)cos P09 sin EAD by
(2n)* 2 2
16iey® T8 rAsf ) pAg
- ———— sin—— | dpdqo(-r-s cos——K ,
@2 s "z [ dpdadlrmstpta)es 5= 5o Kp.9)
8iau® 8  ras pAgph
—F _sinf25 [dpdgo(-r- Bk
+(2n)2 s2(r+s)? 77 f pdgd(-r=s+p+asin == 5 Kip.q)
8ieu
- (211‘; fdpdqdp dq'6(=r +p +q)d(~s +p'+ ') sin qco A q E o p Ka(p. P, q)

8iu ™% ras _pAQ.
,(2n)2m5|andpdqb(—r—s+p+q)sm 5 PP K(p,q)

+[ew = o]
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Amputirani propagator

n(r,s) =

8 dp
+ 56(r+s)fp—2

w2 sin
+4r—26(r+s)fdp 2

AI

52 o

co!
—86(r+s)fdp T

8 26(r+s)fdp sm2 2
- 1
* o 1 57
2 PAr
J sin” 7 4,1 00 2
+16—6(r+s)fdp7 p*+ Sprc—(p-r)
r4 (P-52(p+5)? 4
32 ,u2 4 rns o . _pPAQ
@2 (r+ 9 [1 a(ris) cos —— fdpdqé( r—s+p+q)sinx 5 K(p,q)

64aud 1 ra . pAg 1
—mmsmx 2 fdpdqé( r—s+p+q)sinx 2 p—zK(p,q)

8u 3u 4u? . IrAS 2u? ras .
@2 [e—z(rzsz + R sinx — +2(1+ R cos —— fdpdqo(—r—s+p+q)sl

r\xi—

K(p,q)
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Amputirani propagator

2 of AW 9 ) raAs ut 442 1 o
- ——-1jcos — -4 55 - ——= +121+ = | ——
@n)? [ ((r+s>2 *a 2 e e TN )i

xfdpdqé( r—s+p+q)cosuK(p,q)
16¢2 1 ras A
(2n)2a (r+s)? s 5 dpdqod(-r—s+p+q)cos £ qu K(p.9)
_852;12 1 TAS (40 da (s - pAg (p-q)? K
@02 W‘”ST pdqd(=r—s+p+q)cos —— 2 (p,9)
8 (r—s)* . ras dodas PAG
@ (197 sin —— | dpdqd(-r~s+p+q)sin == pu K(p,q)
4‘U.2 it st 2a‘U.2 rAs pA
@2 [TZ—S—ZH1—W sin —— 5 fdpdqb( r-s+p-+q)sin —— 3
46212 [ 1 st Pu
64u8 (r+s)t rAs . pAQ Pu
_(271)2 TS - dpdqd(-r—s+p+ q)sinx 2 — 5 K(p.q)
2
(2372;23 fdpdqé( r—s+p+q)cos%cosmK(p,q)
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Amputirani propagatori
Amputirani propagator
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Amputirani propagator
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Amputirani propagator
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Amputirani propagator
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Amputirani propagator
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Amputirani propagator
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