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Introduction

Introduction

Quantum field theory encounters problems at high energy/small
distances. Some modifications are needed. One possibility is
noncommutativity among space time coordinates. It is given by

[x*, x"] = i6"*(x) .
Canonical noncommutativity
[x#,x"] = i6" = const.

Different modes are constructed on canonical NC space time:
¢4,QED, standard model, SUSY models;
renormalizability, unitarity,. ..
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Generalization general relativity or some other gravity theory (like
Poincare gauge theory) on NC spacacetime is a difficult task.
Many attempts:

e Twist approach

1. P.Aschieri, C.Blohmann, M.Dimitrijevi¢, F. Meyer, P.Schupp
and J. Wess, CQG 22, 3511-3522 (2005),

2. P.Aschieri, M. Dimitrijevi¢, F.Meyer and J.Wess, CQG 23,
1883-1912 (2006), [hep-th/0510059].
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e Sieberg-Witten approach

1. Ali Chamseeddine, PLB. 504 (2001) 33;PRD. 69 (2004) 024015
2 M. A. Cardella and D. Zanon, CQG 20 (2003) L95

3. P. Aschieri and L. Castellani, JHEP (0906) (2009) 086

4. P. Aschieri and L. Castellani, arXiv:1111.4822, ArXiv: 12051911
5. R. Banerjee, P. Mukherjee and S. Samanta, PRD 75, (2007)
125020

6. Yang-Gang Miao, Zhao Xue and Shao-Jun Zhang, PRD 83,
(2011) 024023
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AdS gauge theory on commutative spacetime

Consider a gauge theory with SO(2,3) as a gauge group in 4D
Minkowski spacetime.

50(2,3) is the isometry group anti de Sitter space.

Anti de Sitter space is a maximally symmetric space with a
negative constant curvature.

Mag-generators of SO(2,3) group

A, B, ... take values 0,1,2,3,5.

Commutation relations:

[Mag, Mcp] = i(nabMsc +nm8cMap —nacMep —nepMac), (1)

nag = diag(+, —, —, —, +) is 5D metric.
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AdS gauge theory on commutative spacetime

Clifford generators 4 in 5D Minkowski space satisfy

{Ta T} =2nap . (2)
Mapg are )

Map = é[rA, Mgl . (3)
va, (a=0,1,2,3) are the gamma matrices in 4D Minkovski
spacetime

The gamma matrices in 5D are

Fa=(i7a75,75) -

75 is defined by 7> = v5 = ,70717273
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AdS gauge theory on commutative spacetime

It is easy to show that

Il 1
M.y = Z['Yaa'Yb] = 50ab
i

M5a = 27a- (4')

If we introduce momenta P, = %Ma5,where | is a constant with
dimensions of length AdS algebra (1) becomes

[Mab, Mgl = i(MadMbe + NbcMag — Nac Mg — bd Mac)
[Maba Pc] = i(nbcPa - nach)
1
[:Da7 Pb] = —IT2Mab . (5)

In the limit / — oo AdS algebra reduces usual Poincare algebra in
4D spacetime. (Wigner-Inonu contraction)
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1) spinor matter field in the fundamental representation
Under the infinitesimal SO(2, 3) gauge transformations it
transforms as

ot = ieth = - AB/V/AB¢ (6)

The covariant derivative in the fundamental representation
Dy =0 —iwy) (7)

1 1 1
Wn =5 # BMug = 4wzbaab 5 wp, °s (8)
is the SO(2, 3) gauge potential. Decomposition: wAB to wzb, wfﬁ,
be is a spin connection
wi® = Je? are vielbeins (tetrads).
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The transformation law of the SO(2,3) potential is given by

AB AB A  CB B CA
dewy,” = O™ — € cw,” +ecw,” 9)

If €@ = 0 we obtain the transformation laws for spin connection
and vielbeins under the SO(1,3) gauge transformation:

5szb = 8ueab - eacw;b + ebaw;a, (10)
deey = —eadeg (11)

We reduce the local anti de Sitter symmetry down to the local
Lorentz symmetry:

50(2,3) — SO(1,3)
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AdS gauge theory on commutative spacetime

The field strength

Fu = 0uwy, — 0wy, — ifwy,w,] = 2F;L“VBI\/IAB
1
- EFS’V’MQI, + F2M,s (12)
where 1
F"b Rab I—z(eZef - eﬁef,’) . (13)
Reiman curvature tensor is
R/jfj = 6Mw"b Oyw +wac cb wﬁcwlf’” (14)
Torsion
IF?> = D,el — Dyel = T3, (15)
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AdS gauge theory on commutative spacetime
Under the local anti de Sitter transformation field strength
transforms as

0eFuu = ile, Ful (16)
or more explicitly
56,_—:5 — _eaCFuucb + 6bcll_-cha _ 635’,_—/“/5b + 6b5,_—'uy53
0eT3, = = Tuwe+eF,-. (17)

If we reduce the initial anti de Sitter gauge symmetry down to its
Lorentz subgroup by taking € = 0 we obtain the correct
transformation laws:

0F2b = —FD+ e F3
0T, = —.T5,. (18)
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AdS gauge theory on commutative spacetime

Action:
B il
647Gy

/ P Tt (Fu Fpod) + A / d4x(%Tr $? — /2) (19)

is invariant under the SO(2, 3) gauge transformations
Gy is the Newton gravitational constant.

A is the Lagrange multiplier.

¢ = ¢"T 4 is a vector field

o¢ = ile; 9], (20)

Constraint ¢pa¢” = .
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Taking ¢? = 0, ¢° = | the SO(2,3) symmetry is broken spontaneously
down to SO(1,3)
The action after SSB:

1 /2
S= v /d4x{ﬁeﬂwaeabcdegR’fg —|—«/7—gR—2\/7—g/\} . (21)

where A = —3//? and /=g = dete?.
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In this action (see the third line) the vielbeins and spin connection
are independent variables. Varying the action with respect to the
spin connection we obtain an equation which relates connection
and vielbeins. In this way we can express the spin connection in
terms of vielbeins. Since there is no fermionic matter in the action
(21) this equation gives the vanishing torsion. In that case the first
term in (21) is the Gauss-Bonnet term; it is a topological term and
does not contribute to the equations of motion. The second term
is the Einstein-Hilbert action, while the last term is the
cosmological constant.
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AdS gauge theory on commutative spacetime

From vielbeins we can construct the metric tensor

Euv = nabe,jes : (22)
Metric tensor can be constuced from field ¢ by
gu = 1apD, D, ®8 . (23)

The action (21) is invariant under the Lorentz gauge
transformations by construction. In addition this action posses
invariance under general coordinate transformations. This action
will be our starting point for the construction of a noncommutative
gravity theory.

References:

MacDowell, Mansurri, PRL (1977)

Stelle, West,PRD, 1980

P. Townsend, PRD, 1977
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Interes za ovaj pristup gravitaciji raste:

1. A. Chamseddine and V. Mukhanov, 'Gravity with de Sitter and
unitary tangent groups’ JHEP (2010)

2. J. Barret and S. Kerr, 'Gauge gravity and discrete quantum
models’ Arxiv: 1309.1660
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Noncommutative SO(2, 3), symmetry

Replace the usual product by the Moyal-Weyl x product

7 £(x)g(¥)ly—x 5 (24)

guv _90_ 9

F(x) *g(x) = e

where 6" is a constant antisymmetric matrix,
Replace the commutative fields by their noncommutative
counterparts.

Noncommutative gauge potential c?)ﬂ
Noncommutative curvature tensor F,

Fu = 0,00 — 0y, — [0, 5 0] - (25)

Noncommutative adjoint field ®
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Noncommutative SO(2, 3), symmetry

Under the deformed gauge transformations the gauge potential,
the field strength and ® field transform as

50, = Ol — i, * A
5 F, = At FL], (26)
65 = i[A ¥ F] (27)

where A, is the noncommutative gauge parameter.

The noncommutative fields belong to the enveloping algebra of
so(2,3). For example, the x-commutator in (??) does not close in
the Lie algebra.
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Noncommutative SO(2, 3), symmetry

Commutative and noncommutative symmetries which correspond
to the same gauge group can be related by the Seiberg-Witten
map: the map enables one to express the noncommutative
variables in terms of the commutative variables. In that way no
new degrees of freedom are introduced. SW map can also be seen
as an expansion in 0*¥, so the SW approach is known as a
f#—expanded theory.
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Noncommutative SO(2, 3), symmetry

The noncommutative quantities A, &, ® are power series in the
noncommutative parameter 6#V:

>
(o}
Il

e+ AD LA 4

Gy = wptaP+e@ 4+, (28)
where the higher order corrections are functions of the
commutative variables €,w,,, and their derivatives. The

requirement that the commutator of two deformed gauge
transformations is a deformed transformation again:

[05 % 05] = 0% i) (29)

gives the solution for /\9), /\£2)

g e e
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Noncommutative SO(2, 3), symmetry

Solving the equation
Op(w) 4+ 070, (w) = Gp(w + dew) (30)

order by order in the noncommutative parameter we can express
noncommutative gauge potential @, in terms of the commutative
one. The first order solution is

. 1.
o) = -0 Mwie, Ovwy + Fau} (31)
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Noncommutative SO(2, 3), symmetry

From potential &, we find the field strength
/A:uu = Mbu - 8,,@“ - "[UAJ/L H UAJV] ) (32)
The first order correction is
FD = —%W{wmaﬁw + DzF} + %GM{F,M, F.a}  (33)
Transformation low

65 F, = i[Ac * Fl (34)
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Action

The NC action is given by
ol
167Gy

Sne = Tr / A*xe" PO F, % oy x . (35)

The %-product is the Moyal-Weyl x-product;
fields with "hat” are NC fields;
The action is invariant under the NC SO(2, 3) gauge group.
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Seiberg-Witten expansion
Sne =S©@ +sW 1 5@ 4 (36)

Undre NC gauge transformation the ‘field’ (F,g % F,, )™
transforms in adjoint representation

(o Fu)V = D B+ Fuu ) 4 50°70 05
1
= —Zﬁﬁk{w,{, 8/\(FozBFW) + DA(FaﬁFuV)}
i i
15 (DsFas)(DaFiw) + 50" ({Fua Fas} Fiw

+Fap{FionFr })
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(Fup x Frup % )V
= (Fap* Fu) Mo + (FapFu)o™ + éaa(FaﬁFuu)aﬁgb
= —%Haﬁ{waa (9 + Dg)(FapFuwd)} + éaaﬁDa(FuVFpo)DB¢
+ éeaﬂ Do FuDsF oo

1 1o
+ Eeaﬁ{’:am Fov}Fpod + 59 BFW{FM? Foo o (37)
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The NC action in first order in 0 is
il o

1 vpo ( E 2
SI(VC) — _167TGNTr /d4X6“ P (F”,,*Fpg*gb)(l)
1

. e [ aixe (2P Foo (.
]_6’/TGN0 r/d X€ 5w pa{ a,87¢}

+ fD FuvDgFps

+ { aps Fav} Fpo® + 5 F/w{ ap Fﬂa}d’) (38)

Result S,(Vlc) =0.
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From the first order we can easily find the second order.

2 il 1a A A A
s@ - ~T8rGn 6“5 Tr / d4xe“”""< — P x oo x {Fas 1 9)

+ LDuE x D

= N

1)

|_l

I\

+ {Fus *Fﬂy}*FJ*¢+ V*{Fap,Fﬁa}w)

N
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2 _ il af prA / 4 _uvpo _i
Sye = 2567rGN9 0" Tr [ d*xe ( 16

1 1
7 Fass (Fors {Fuass P11} + B P} (s Fag}}9

i

b e {Fas [DeFu DrFol}o + 4 H{DeFuus For, DaFasHo
AP Fa o 10, Fod + 3 {0 Fage Fos (Fops Fao} 10
4 {Fos 0Fa (Fras Frad H0 + 5 Fo 1D Fas DaFi T}

+ [_{Fﬁw DHFau}a D/\Fpa]¢

— 510 DaFuns DaFpo] = {{DxDaFyus DADsFyr}o

i

Faﬁa {Fuw Fpa}}{¢» Frox

I [ [
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After the symmetry breaking the field ¢ =0, ¢°> = /.

s@ = —MTI:‘GNW%WW%M, / a*x| 2; & (i Fpo™ Fod™ Frnn
B F g o Faf o (Fu™ Foomn + 2,0 F 0 20)
_ 3%(,_— abp Vcd Fo™ Fomn + 2 Faﬁab Fpacd ,_-wms 5+ ,_-wab Fy,c F.i™F,
g (e P Fu Fpoma + 2F,,7F )
R P (Fd™ Fasmn + 2F " F53) )

b 1 Fad ((DaFu)™)(DsFyr) + (DaFi)*(Da o))
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1
— 16 ((DFw) ™ (DAFup)™ 53 + (DuFyu ) (DxFap) °Fo)

1
+ 1o FaFE (Fu™ Faomn + 2F "™ Fams)

1
+ R (FpaabFﬁqu(Fﬁamn F>\Hm” + 2Fnam5 F)\Nm5) + Fnocab F)\;LCd Fpamn FBan
- 4(F)<,(xabF)\/LC5 + Fn(;’SF)\/ﬁC)dedeFﬁl/65)

1
o ngoab((DnFau)cm(DAFﬁv)n? + (DnFau)CS(DAFBV)sd)

1 a c! a c

+ 5(F,Wb(oaﬁy) 5(DgFpo)® + F,25(DaFr)? )(Dﬂﬁ,g)d5
1

+ (F;{aab(D/\Fu,V)CS + FnaaS(D)\Fy,V)bC)(DﬂFpa)ds

8
1
- 7(DnDaF;Lu)ab(D>\DﬂFpa)Cd:| (41)
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Terms in the action (T = 0)

00 1

———(I°R*, I'R®, I’R?, R, = 42
g (PRY 'R PR R, ) (42)
Limesi:

1. RK %2 , big cosmological constant, smaller energy

2. R> %2 small cosmological constant, higher energy
Aegt = (1073eV)*
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39a69nA
5(2) - W/d[lx\/qgamgﬁ)\
00459’{)‘ .
T 6anGylt /d X\/Tg(3gaan 4 3Ruprx — QRQW)
eaﬁenA . ) )
T 2567 Gl /d XVTg(2gaﬁ(—3RRgA +4R3, R", + 2RM R\,
_2R5HPURPU)\N)

+R(2Rarsx = Rapra) = 8RuxRax = 14RageuR"y = 16Rarg, R\ (43)
—2Raﬂ“”(2RmW + 2R 00)

+2R¢xnuy(5Rﬁ)\Hu - 4Rﬁu)\y) + 4R04H5VR

KUA

My 4RW”RMM)

_/290¢ﬂ0l€)\ . 8 i )
+ m /d XeleUF,abcd( - I?e;eﬁ V& (e;el’,”) \VAN (epmeg) + .. )
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Vel = Ouel + wileyp (44)

is SO(1, 3) covariant derivative. Comments:

gaﬁgn)\gomgﬂ)\

A = Negp(x) = A+ =

A3 (45)

Modification of Freedman solution?,
mass for graviton?
diffeomorphisms symmetry.
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On higher energy the higher powers in R are important.

I? v
= 64wGN9aBW/d4XF(16 i Roro R R )
(46)
These terms might be important in early inflation expansion of
Universe.
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We can start from conmmutative action

1 4y VP
= YPo Ty (F,, D, D, b 4
snc | AT (FLD0D,00)  (41)
After SSB we get
1 . 12
= — R——=). 4
> 167TGN//d xe(R =) (48)

Deformation of this term is in progres (with I. Simonovic, M.
Dimitrijevic)

1. H. Pagels, Phys. Rev D (1984)

2. F. Wilczek, Phys. Rev. Lett (1998)
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S = o / )
~ e / Fi 08 Fpoacd® (49)
After SSB we get the action

S ~ ro / T2, pranab ) (50)
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Conclusion

Conclusion

We consider a deformation of gravity with local SO(2, 3),
symmetry; Breaking the commutative symmetry

50(2,3) — SO(1,3) (51)

we get EH term, cosmological constant term and second order
corrections in 6.

The second order corrections to the classical action are found in
the covariant form.

Future investigations:

NC corrections to the black hole/ cosmological solutions

NC terms are important in early evolution of universe (inflationary
expansion)

renormalizability of NC gravity
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