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Introduction

In the last twenty years Noncommutative (NC) Field Theory has become a
significant direction of investigation in gravitational and theoretical high
energy physics.

Basic insight: complementarity of different spacetime dimensions
— quantization by deformation

Canonical noncommutativity: [X*,%"] = iO"" where 6" are components
of a constant antisymmetric matrix.

Alternative way: deform the algebra of functions (fields) on spacetime by
introducing NC Moyal-Weyl *-product,

(Fx2)(x) = e 507 F(x)g(y)ly on (1)

and use ordinary commutative co-ordinates.



@ What type of couplings between matter and gravity arise in NC
theory?

@ How noncommutativity "deforms” the potentially observable physics,
e.g. electron’s dispersion relation?

@ Answering these questions within a unifying framework for gauge field
theories and gravity with an enlarged gauge group; SO(2,3) model.
Previous studies of the subject have resulted in:

@ Construction of the consistent model for deformed Einstein gravity
including the analysis of the NC equations of motion.

@ Revealing the physical meaning for constant noncommutativity -
Fermi normal coordinates.

Next step: incorporating matter fields, specifically, the Dirac spinor field,
in SO(2,3), model.



AdS algebra

Generators of SO(2,3) gauge group satisfy
[Mag, Mcp] = i(napMgc + necMap — n1acMsp — nepMac)  (2)

where nag = diag(+, —, —, —, +) is the 5D internal space metric and
group indices A, B, ... take values 0,1,2,3,5. In terms of 5D gamma
matrices that satisfy the usual anticommutation relations

{18y = 2% (3)
they are given by _
1

Mag = Z[FA, s8] (4)

One choice is T4 = (i7a75,75) where a = 0,1,2,3. In this particular
representation, SO(2, 3) generators are

1 1
M,p = Eaab Ms, = 573 (5)



Gauge fields

The total SO(2,3) gauge potential can be decomposed as

1 1 1
wy = 5wu’L\BI\/IAB = Zwuaboab - gez% (6)

where e and wuab are the vierbein and the SO(1, 3) spin-connection and
| is a constant length scale. The world indices u, v, ... take values 0, 1,2, 3.

The field strength tensor

. 1
Fu = Opwy — Opwy, — ifwy,wy] = EFWABMAB (7)

has components

1 1
b b b b 5
Fp,ua = Ruua - ﬁ(ezey - e,u,eléj) F,u,l/a = 7TMVa (8)
where
R/ywab _ aﬂwyab _ aywuab =+ wuacwycb _ wﬂbcwuca (9)

T.,° = V. —V.,e, (10)



Commutative model

The kinetic term

Skin = 7 / d*x 77 | D, 6D, Dy Dyt — DyBDu 6D, 6Dy 1 (11>J

Covariant derivative of a Dirac spinor is

Dot = 0016 — 00, Magt) = Vo + .- et (12)
where ]
Voth = 0t — g, ™ 0ot (13)
is the usual SO(1,3) covariant derivative.
Adjoint auxiliary field ¢ = ¢”*T 4 is constrained by ¢*¢pa = I?.
Covariant derivative: D¢ = 0,6 — iwy,, @]



Symmetry breaking

In order to break the symmetry from SO(2,3) to SO(1, 3) we fix the value
of the auxiliary field: ¢? = 0 and ¢° = /.

Components of the covariant derivative are (D,,¢)° = €7 and (D,¢)° =0

This gives us
. _ o, _
Sin =3 [ d*xe [77Vow = Vainu] - [d'xedu  (19)

i.e. the Dirac action in curved spacetime for fermions of mass 2//.

We need additional mass terms:

j 2
Sna = (7~ ) [ % IDGDLD0D 0+ e
i 2
p éczg /2) / d*x P75 D, D, D, p Dydt) + h.c.
Swa = ia(F - ) [ d'x 7 ID,6D,00D,0D,60 (15)

Constraint: ¢ — ¢ — 3 = 7i



NC deformation

Substitute ordinary point-wise multiplication with NC Moyal-Weyl
*-product in "symmetric-phase” action. The obtained NC action is
hermitian and invariant under local SO(2, 3),. transformations.

S= 1.2/d4x chvpo [;;*(D#(g)*(Dl,a)*(Dp(g)*(DﬂZ)
(D7) % (D) % (DuB) % (D) % 6] + 8 (16)

Seiberg-Witten map - a way to represent NC fields as a perturbative
series in powers of #%° with coefficients built out of the ordinary fields;
there are no new degrees of freedom (no new flelds) in the NC theory, just

new interactions. For example, SW for NC fields (;5 and @Z} is

3 = o %9&6{%, (95 + Ds)g} + O(6?) (17)

¥ = 3000 + D)y + O(0?) (18)

<)
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The expansion rule

~ ~\(1 PN A [
(A X B)( ) _AWg 4 ABO 4 éeaﬂaaAaﬂB (19)J

If both of these two fields transform in the adjoint representation we have

@1 '
(A* B) = — 30"{wa. (95 + Dy)AB} + é&“BDaADgB

+ cov(AM)B + Acov(BM) (20)

Db = Dt — 36 e, (95 + D) Dy} + 26°*{Fop, Do} + O(F7)  (21)

SN i
(Dm* Dy¢) - Zeaﬁ{wa, (9 + D) DDy} + Eeaﬁoa D,.$D3D, ¢

1 1
+ 50°{Fay, Ds#} Dy + 50°7 Dy ${Faw, Dy} (22)



NC kinetic term at the first order

- Lo fawome]|

S|

Faﬁ D;L(ZSDvngpd)Dad}

=

_l’_
Sy

Do (Du¢D,¢D,¢)(Dp Dy )

_l’_
S|

NI NRERNERENDFEN =N = N =~

Da(Du¢Du¢)(DB Dpd))Dtﬂ;ZJ

_l’_
Sy

(Da Du¢)(Dﬁ Du(b)Dp(bDo‘w

=

{Fau, D3¢} D¢ Dy Dgtp

_l’_
<

Du¢{Faua Dﬂ¢}Dp¢Daw

_l’_
=

DM¢DV¢{Fap7 Dﬁ¢}D51/J

<

D, ¢D,¢D,¢Fs0Dsvp | + h.c. (23)



Linear NC correction to the Dirac action in curved

spacetime

<1
-0

1 - 1 _
5 /d4x e Rauabe;‘ VvV + % /d4x e Raﬁabeg YPyaVap
i 4 ab n_a - m_5
5 d'xeR, "¢, w’y'yVUTJJ—— dxeR easbcmw'y Vg
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4 a_p 7
8I/dxeT ¢V0¢+7/dXETaM€a YVgy

1 -
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1 _
/dxeR 57 ot — 3[3/d4xe'¢vaaﬁ’¢)

96/

— d*xeR abe“ecaﬂa P — i dxeR ae et Po, S
a8l ap 2 fp Y T g et
3

1 _
— [ d'% e T, 5" dvay — d'x e T, "t Prypp
32/2 1612 . ap 2

_ 1 _
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6/
3 d4xe(V e)e DygY + ——= d4xe(V e?)eg, My + h.c
1612 « e 16/2 *Cpl%ha B -
i 2\ o, o p -
_ n mf7 /dxe(VoLe“)e‘7 YV g
1 4 a by 7 _uv
b o (m=2) [ e na(Vae)(Vaed) o v
1 -
-3 (m ) /d4>< e (Van)(VBei)(e;eg —elel) oy
1 m
_ £(7712>/dxe Vae Yel! dygip
1 - _
— % (m >/d4x e RaBab Yoptp — — (m— —) /d xeR, abefsé PYopetp
1 m 2 7 m 2 4 an
— E(7—72)/d><eTB1,[)'y31,b 72(7_E>/dxeTauEa

1 /m 2
- g(ﬁ_ﬁ)/dxed]o_aﬂw + h.c.

PygP

(24)

(25)



Flat spacetime

Deformed Dirac action

S :/d4x V(i 0, — m)p

1- 7i - -
i / d*x [ — 57000705050 + 5psEad T BYN05 — Mo | + O(6)

(26)
with M := 75 + 6%'

Deformed Dirac equation

[/(’/9 - m-— 59 'Baa 00, + m@ ﬁsaﬁp Vo505 — 0 ﬂMJQB] v=0 (27)

Assume just [&1,%%] = i0'2, i.e. 912 = —6?! = 0, and all the other equal
to zero.

. 0 7i0
[’a—m—5(0103250—0203130)4"ﬁ(’707533—’73’7550)—29/\/7012] Y =0 (28)




Dispersion relation

Since hamiltonian commutes with the whole momentum operator, we can
assume the plane wave ansatz ¢(x) = u(p)e™'P*. For simplicity we

assume p = (0,0, p;) and obtain

E—m+0A 0 —P: — 1o P 0 a
0 E—m—0A 0 p: — 155 p: b
pz—&—%pz 0 —E—-—m+6B 0 c
0 Pz + 1Pz 0 —E-m—-6B) \d
with 7E 7E
A=op—2M  B=-—p —2M

Energy should also be represented as a power series in 6, i.e.

0!1

+oo
E = E() h o7
;  Where (length)?n+1

=0 (29)

(30)



Dispersion relation

From the condition det = 0 we get four different solutions for the energy

m? ml| 0 9
iz = Eﬁ[m‘w]gﬁ‘?(‘”
Ee — —E+]7 M 4 o) (32)
# 7 7™ 122 3B E,

with E, = \/m? + p2. This is reminiscent of the well known Zeeman
effect with 6 playing the role of a constant background magnetic field
that causes the splitting of atomic energy levels.

The noncommutativity of space, here taken to be confined in x, y-plane,

causes the undeformed energy levels £F, to split. The energy gap
between the new levels is the same for :E, and it equals

m? ml| 0
ol = _ |
[12/2 3/3} Ep (33)



As oppose to the commutative case, in NC theory states with

opposite helicity have different energies!

P~

Y3 ~

e—iELt+ipzz

e—iE3t—ipzz

P ~

Py~

e—iE2t—ipzz

o—iEattipzz



From the dispersion relations we find the (group) velocity of an electron
v= — (34)

For positive (negative) helicity solution 91 (¢2) we get

2
p m mY 0 5

Thus, we conclude that velocity of an electron moving in z-direction
depends on its helicity. This is analogues to the birefringence effect, i.e.
the optical property of a material having a refractive index that depends
on the polarization of light. NC background acts as a birefringent medium
for electrons propagating in it.



Thank you for your attention!



