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(2014).
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Introduction

I General relativity and quantum field theory give good
description of nature in their domains. There is a need for
theory of gravity on quantum scales.

I One approach to this problem is introducing
noncommutative spacetime

[x̂µ, x̂ν ] = iθµν(x̂).
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SO(2,3) gauge theory

I Generators of the SO(2,3) group are MAB, where A,B take
values 0,1,2,3,5.

I Commutation relations:

[MAB,MCD] = i(ηADMBC + ηBCMAD − ηACMBD − ηBDMAC),

where ηAB = diag(+,−,−,−,+) is 5D metric.
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Representation of MAB

I Generators of Clifford algebra in 5D are ΓA, and they
satisfy {ΓA, ΓB} = 2ηAB.

I The gamma matrices in 5D are ΓA = (iγaγ5, γ5) , where γa,
(a = 0,1,2,3) are the four-dimensional gamma matirces
and γ5 is defined by γ5 = γ5 = iγ0γ1γ2γ3.

I We can define generators MAB using ΓA as
MAB = i

2 [ΓA, ΓB].

I In this representation we obtain:

Mab =
i
4

[γa, γb] =
1
2
σab , M5a =

i
2
γa.
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The gauge potential

I SO(2,3) gauge potential is

ωµ =
1
2
ωAB
µ MAB =

1
4
ωab
µ σ

ab − 1
2
ωa5
µ γa.

I Under infinitesimal gauge transformations ωµ transforms as

δεωµ = ∂µε+ i[ε, ωµ],

where ε = 1
2ε

ABMAB is gauge parameter.
I We identify ωab

µ with spin connection and lωa5
µ = ea

µ with
vierbeins, where l is some parameter which has dimension
of lenght.
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The field strength

I From gauge potential ωµ the field strength is defined in the
standard way:

Fµν = ∂µων − ∂νωµ − i[ωµ, ων ] =
1
2

F AB
µν MAB.

I Under infinitesimal gauge transformations field strength
transforms as

δεFµν = i[ε,Fµν ].
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The field strength

I Components of the field strength F AB
µν decompse into F ab

µν

and F a5
µν as

F ab
µν = Rab

µν −
1
l2

(ea
µeb

ν − eb
µea

ν), lF a5
µν = ∇µea

ν −∇νea
µ = T a

µν ,

where Rab
µν = ∂µω

ab
ν − ∂νωab

µ + ωac
µ ω

cb
ν − ωbc

µ ω
ca
ν and

∇µea
ν = ∂µea

ν + ωab
µ eµb.

I Rab
µν is identified with the curvature tensor, and T a

µν with the
torsion.
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Gauge invariant actions
I We introduce an auxiliary scalar field φ = φAΓA which

transforms in the adjoint representation of the SO(2,3)
group δεφ = i[ε, φ].

I Gauge invariant action is S = c1S1 + c2S2 + c3S3 where

S1 =
il

64πGN

∫
εµνρσTr(FµνFρσφ)

S2 =
1

128πGN l
Tr
∫

d4xεµνρσFµνDρφDσφφ+ c.c

S3 = − i
128πGN l

Tr
∫

d4xεµνρσDµφDνφDρφDσφφ,

with Dµφ = ∂µφ− i[ωµ, φ].

Some Geometrical Aspects of NC SO(2, 3)∗ Gravity Faculty of Physics, University of Belgrade, Serbia



Introduction Commutative SO(2, 3) gravity NC SO(2, 3)∗ gravity NC corrections to Minkowski space-time

Breaking of the SO(2,3) gauge symmetry
I By choosing φa = 0 and φ5 = l , we brake SO(2,3) gauge

symmetry down to SO(1,3), and actions reduce to

S1 = − 1
16πGN

∫
d4x
( l2

16
εµνρσεabcdR ab

µν R cd
ρσ +
√
−g(R− 6

l2
)
)

S2 = − 1
16πGN

∫
d4x
√
−g
(

R − 12
l2
)

S3 = − 1
16πGN

∫
d4x
√
−g
(
− 12

l2
)

I We partially fix constants c1, c2 and c3 by the requirement
that the full action after the symmetry breaking reduces to
the Einstein-Hilbert action with cosmological constant:
c1 + c2 = 1 and Λ = −31+c2+2c3

l2 .
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NC space

I We work in the canonical (Moyal-Weyl, θ = const .) NC
spacetime.

I Following the deformation quantization approach, we
represent noncommutative functions as functions of
commutative coordinates and change the algebra
multiplication with the Moyal-Weyl ?-product:

f (x) ? g(x) = e
i
2 θ

µν ∂
∂xµ

∂
∂yν f (x)g(y)|y→x ,

where θµν is a constant antisymmetric matrix and its
components are small deformation parameters.

I For coordinates we obtain [xµ ?, xν ] = iθµν .
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Noncommutative gauge theory
I In commutative case commutator of two infinitesimal

gauge transformations is an infinitesimal gauge
transformation: [δα, δβ] = δ−i[α,β], so we demand in NC
case: [δ∗α

?, δ∗β] = δ?−i[α,β].
I Under NC infinitesimal gague transformations the gauge

field, the field strength, auxiliary field transform as:

δ?ε ω̂µ = ∂µΛ̂ε+i[Λ̂ε ?, ω̂µ], δ?ε F̂µν = i[Λ̂ε ?, F̂µν ], δ?ε Φ̂ = i[Λ̂ε ?, Φ̂].

I The quantities with hats are NC functions. They belong to
enveloping algebra, because ?-commutators contain both
commutators and anticommutators of generators of the
gauge group. It seems that NC theory has infinitely many
degrees of freedom.
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The Seiberg-Witten map

I All NC fields and NC gauge parameter are functions only
of the commutative fields and gauge parameter and their
derivatives.

I NC gauge transformations are induced by the
corresponding commutative gauge transformations.

I We can expand all NC quantities into power series in the
noncommutative parameter θαβ.
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The Seiberg-Witten map solutions

I Expansions of the NC variables are:

Λ̂ε = ε+ Λ̂(1) + Λ̂(2) + . . . , ω̂µ = ωµ + ω̂(1)
µ + ω̂(2)

µ + . . . ,

F̂µν = Fµν + F̂ (1)
µν + F̂ (2)

µν + . . . , Φ̂ = Φ + Φ̂(1) + Φ̂(2) . . .

I Inserting those expansions into equation for closure of the
NC gauge transformations and into transformation laws for
NC fields, equations are solved order by order in
noncommutative parameter.
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The Seiberg-Witten map solutions
I The zeroth order solutions are commutative functions, and

the first order is given by:

Λ̂ε(1) = −1
4
θαβ{ωα, ∂βε},

ω̂(1)
µ = −1

4
θαβ{ωα, (∂βωµ + Fβµ},

F̂ (1)
µν = −1

4
θαβ{ωα, ∂βFµν + DβFµν}+

1
2
θαβ{Fµα,Fνβ},

φ̂(1) = −1
4
θαβ{ωα, (∂β + Dβ)φ}.

I Recursively one can obtain the higher order corrections.
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NC Gravity action

I We generalize the SO(2,3) invariant commutative action
by replacing fields with their NC counterparts and
multiplication with ?-multiplication.
SNC = c1S1NC + c2S2NC + c3S3NC

S1NC =
il

64πGN
Tr
∫

d4xεµνρσF̂µν ? F̂ρσ ? φ̂ ,

S2NC =
1

64πGN l
Tr
∫

d4xεµνρσφ̂ ? F̂µν ? D̂ρφ̂ ? D̂σφ̂+ c.c. ,

S3NC = − i
128πGN l

Tr
∫

d4x εµνρσDµφ̂ ?Dν φ̂ ? D̂ρφ̂ ? D̂σφ̂ ? φ̂.
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The Seiberg Witten expansion of the NC action

I We expand this action up to the second order in the
deformation parameter: SNC = S(0) + S(1) + S(2) + . . . .

I The first order correction in the deformation parameter
vanishes: S(1)

NC = 0.
I Obtained second-order action is invariant under SO(2,3)

gauge transformations.
I After the symmetry breaking, by setting the auxiliary field to
φa = 0, φ5 = l , we arive to SO(1,3) gauge invariant action.
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The low-energy NC corrections to the gravity action
I We are interested in the low energy expansion of the NC

action, so we keep only the terms of the zeroth, the first
and the second order in the derivatives of the vierbeins
(linear in curvature, quadratic in torsion...):

SNC = S +
1

128πGN l4

∫
d4x eθαβ

θ
γδ
(
(−2 + 12c2 + 38c3)Rαβγδ

+(4− 18c2 − 44c3)Rαγβδ − (6 + 22c2 + 36c3)gβδRαγ +
6 + 28c2 + 56c3

l2
gαγgβδ

+(5−
9

2
c2 − 7c3)T

a
αβTγδa + (−10 +

9

2
c2 + 14c3)T

a
αγTβδa + (3− 3c2 − 2c3)TαβγT µ

δµ

+(1 + 2c2)TαβρTρ
γδ

+ 8TαγδT µ
βµ
− (2c2 + 4c3)TαγρTρ

δβ

+(2c2 + 4c3)gβδT σ
γσT ρ

αρ − (2c2 + 4c3)TαρσT σρ
γ gβδ + (−2 + 4c2 + 18c3)Tαβγeρa∇δea

ρ

+(6− 8c2 − 8c3)Tαγβeρa∇δea
ρ + (2 + 4c2 + 12c3)T

µ
αγea

β∇δea
µ − T µ

αβ
ea
δ∇γea

µ

+(−6− 8c2 − 16c3)Tδρβeρa∇αea
γ − (2c2 + 4c3)gαγT µ

µβ
eρa∇δea

ρ − (2c2 + 4c3)gβδT σ
αρeρa∇γea

σ

−(4 + 16c2 + 32c3)e
µ
a ebβ∇γea

α∇δeb
µ + (4 + 12c2 + 32c3)eδaeµb ∇αea

γ∇βeb
µ

−(2 + 4c2 + 8c3)gβδeµa eνb∇γea
µ∇αeb

ν + (2 + 4c2 + 8c3)gβδeµa eρc∇αea
ρ∇γec

µ

)
.
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Properties of the NC gravity action

I In the zeroth order this action reduces to the
Einstein-Hilbert action with cosmological constant.

I Local Lorentz symmetry is perserved, but the action
breaks the diffeomorphism symmetry.
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Equations of motion
I Variation with respect to the vierbeins:

R cd
αγ eγdeαa eµc −

1
2

eµa R +
3
l2

(1 + c2 + 2c3)eµa = τ µ
a = −8πGN

e
δS(2)

NC
δea

µ

.

I Variation with respect to the spin connection:

T c
ac eµb − T c

bc eµa − T µ
ab = S µ

ab = −16πGN

e
δS(2)

NC
δωab

µ

.

I We see that the noncommutativity is a source of curvature
and torison: i.e. flat spacetime becomes curved as an
effect of noncommutative corrections; also, a torsion-free
solution could develop a nonzero torsion in the presence of
noncommutativity.
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NC corrections to Minkowski space
I Minkowski space-time is a solution of vacuum Einstein

equations without the cosmological constant
(1 + c2 + 2c3 = 0).

I We want to find NC corrections to this solution, and
assume metric in the form: gµν = ηµν + hµν , where hµν is a
small correction of the order θ2.

I The first equation of motion becomes

1
2

(∂σ∂
νhσµ + ∂σ∂

µhσν − ∂µ∂νh −�hµν)− 1
2
ηµν(∂α∂βhαβ −�h)

=
11
4l6

(2ηαγθαµθγν +
1
2
ηαγηβδη

µνθαβθγδ).

I The second equation gives no contribution, so the
Minkowski spacetime remains torsion-free.
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Solution to equation of motion

I Righthand side of the equations for hµν are constant, so
these equations are solved by hµν quadratic in the
coordinates.

I We find the solution of the form:

g00 = 1− 11
2l6

θ0mθ0nxmxn− 11
8l6

θαβθαβr2, g0i = − 11
3l6

θ0mθ0nxmxn,

gij = −δij −
11
6l6

θimθjnxmxn +
11

24l6
δijθαβθαβr2 − 11

24l6
θαβθαβx ix j .

I Scalar curvature of this solution is
R = − 11

l6 θ
αβθγδηαγηβδ = const .. Curvature is induced by the

noncommutativity.
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Metric in Fermi normal coordinates

I The Reimann tensor for this solution can be calculated
easily. A very interesting (and unexpected) observation
follows: knowing the components of the Riemann tensor
the components of the metric tensor can be written as

g00 = 1−R0m0nxmxn, g0i = −2
3

R0minxmxn, gij = −δij−
1
3

Rimjnxmxn.

I This shows that the coordinates xµ we started with, are
Fermi normal coordinates - inertial coordinates of a local
observer moving along some geodesic. They can be
constructed in a small neighborhood along the geodesic
(cylinder).
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Diffeomorphism symmetry breaking and Fermi normal
coordinates

I The measurements performed by the local observer
moving along the geodesic are described in the Fermi
normal coordinates. So, that is the observer that measures
θµν to be constant! In any other reference frame, observers
will measure θµν different from constant.

I The breaking of diffeomorphism invariance is now
understood better: there is a preferred reference system
defined by the Fermi normal coordinates and the NC
parameter θµν is constant in that particular reference
system. The breaking of the diffeomorphism symmetry is a
consequence of fixing of the coordinate system.
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