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» General relativity and quantum field theory give good
description of nature in their domains. There is a need for
theory of gravity on quantum scales.

» One approach to this problem is introducing
noncommutative spacetime
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SO(2,3) gauge theory

NC corrections to Minkowski space-time

» Generators of the SO(2, 3) group are Mg, where A, B take
values 0,1,2,3,5.

» Commutation relations:

[Mag, Mcp] = i(napMsc + nscMap — nacMep — neoMac),
where nag = diag(+, —,

,—,+) is 5D metric.
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Representation of Mug

v

Generators of Clifford algebra in 5D are I 4, and they
satisfy {I'A, I'B} = 277AB-

The gamma matrices in 5D are 'y = (iva7vs,75) , where 4,
(a=0,1,2,3) are the four-dimensional gamma matirces
and s is defined by 7% = ~5 = i7991~2453.

We can define generators Map using I'x as

Mag = 3T 4, T8l

In this representation we obtain:

v

v

v

i 1 i
Mzap = Z[’Ya,'Yb] = éaab , Msq = §7a-

[m] = =

D Q>

:
Some Geometrical Aspects of NC SO(2, 3).. Gravity Faculty of Physics, University of Belgrade, Serbia




Introduction Commutative SO(2, 3) gravity NC SO(2, 3). gravity NC corrections to Minkowski space-time
00 00®0000 0000000000 0000

The gauge potential
» SO(2,3) gauge potential is

1 1 1
w, = —wABMAB _ 4 3b ab 2w357

» Under infinitesimal gauge transformations w,, transforms as
dewy = Ope + i€, wy],

_1_AB ;
where € = 5¢"®Myp is gauge parameter.

» We identify wfjb with spin connection and le5 = e? with
vierbeins, where [ is some parameter which has dimension
of lenght.
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The field strength

NC corrections to Minkowski space-time

» From gauge potential w,, the field strength is defined in the
standard way:

Fuv = 0wy

. 1
Opwy, — iwy,wy] = EFI’:‘,?MAB.
» Under infinitesimal gauge transformations field strength
transforms as

deFuw = ile, Fuu).
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The field strength

» Components of the field strength F/2® decompse into F2°
and F2 as

ab _ pab anb b ab a
Fi = Ri — Iz(eye,, —eyed), IF> =Vv,el-V,ei=T3,
where R = 9,wi — 9,w + wFWP — wWwWE? and

I
v, = 9 €2+ wibe,.

Rﬁ‘,} is identified with the curvature tensor, and T2, with the
torsion.
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Gauge invariant actions

» We introduce an auxiliary scalar field ¢ = ¢l 4 which
transforms in the adjoint representation of the SO(2, 3)
group de¢ = ile, ¢].

» Gauge invariant action is S = ¢1 Sy + ¢ S» + ¢3S3 where

il

- pvpo
Sq 647Gy /6 Tr(Fu,,FpUgb)

%= tagrgy ™" | 9 FuDyDso + G

= _; 4, 1V po
S3 = 1287TGN/Tr/d Xe D,¢D,¢D,p D09,
with D¢ = 8,60 — iy, 0.
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Breaking of the SO(2, 3) gauge symmetry

» By choosing ¢? = 0 and ¢° = /, we brake SO(2, 3) gauge
symmetry down to SO(1, 3), and actions reduce to

1 I?
S = 167Gy /d4 (Eeu " caboaf? R Cd-h/_(R__))

12
_ 4
Se=- 167rG /dXV >

p— 4 — _ —
167TGN/dXV g /2>

» We partially fix constants ¢y, ¢, and c¢; by the requirement
that the full action after the symmetry breaking reduces to
the Einstein-Hilbert action with cosmological constant:
¢ +C=1and A= —314%f20

Ss =

:
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NC space

» We work in the canonical (Moyal-Weyl, § = const.) NC
spacetime.

» Following the deformation quantization approach, we
represent noncommutative functions as functions of
commutative coordinates and change the algebra
multiplication with the Moyal-Weyl x-product:

i guv LL
f(x)~g(x) = e2" 2™ f(x)g(¥)ly-x,

where 6#¥ is a constant antisymmetric matrix and its
components are small deformation parameters.

» For coordinates we obtain [x* * x”] = iO*".

: :
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Noncommutative gauge theory

» In commutative case commutator of two infinitesimal
gauge transformations is an infinitesimal gauge
transformation: [5a, 0] = 0_j[a,5]> SO We demand in NC
case: [d; T 5] = 0%, 5-

» Under NC infinitesimal gague transformations the gauge
field, the field strength, auxiliary field transform as:

550, = Ouh+ilA + 0], 0FFL, =it EL), 650 =A% d).

» The quantities with hats are NC functions. They belong to
enveloping algebra, because x-commutators contain both
commutators and anticommutators of generators of the
gauge group. It seems that NC theory has infinitely many
degrees of freedom.
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NC corrections to Minkowski space-time
The Seiberg-Witten map

» All NC fields and NC gauge parameter are functions only
of the commutative fields and gauge parameter and their
derivatives.

» NC gauge transformations are induced by the

corresponding commutative gauge transformations.

» We can expand all NC quantities into power series in the
noncommutative parameter 95,
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The Seiberg-Witten map solutions

» Expansions of the NC variables are:

~

Ae=e+AD+A® + 0 oy =w,+00 +0@ +...,

Fov=Fu+FD+FD 1. d=0+0M40@)

» Inserting those expansions into equation for closure of the
NC gauge transformations and into transformation laws for

NC fields, equations are solved order by order in
noncommutative parameter.
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The Seiberg-Witten map solutions

NC corrections to Minkowski space-time
0000

» The zeroth order solutions are commutative functions, and
the first order is given by:

A1) = —0° i Do),

o) =

—Zeaﬂ {wWa, (Opwy + Fau},

- 1
Fi) = = 20°%{wa, 05 Fuw + DsFuv} + 50" {Fa Fup},

» Recursively one can obtain the higher order corrections.
Some Geometrical Aspects of NC SO(2, 3).. Gravity
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NC Gravity action

» We generalize the SO(2, 3) invariant commutative action
by replacing fields with their NC counterparts and
multiplication with x-multiplication.

Sne = C1Sine + C2Sanc + C3Sane
Sine = #Tr/ d4Xe””p"lA:W * IA-',,U *x ),
Sone = MW;GNITr / xe G« Eoy x Dy % Dyd + coc.
Sane = —mﬁ/ d*x 5‘“’”"DM¢A>* D,éx ﬁpqg* D,px .

o & = = = 9aQ
I
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The Seiberg Witten expansion of the NC action

» We expand this action up to the second order in the
deformation parameter: Sygc = S© + S 8@

» The first order correction in the deformation parameter
vanishes: S,(Jg =0.

» Obtained second-order action is invariant under SO(2,3)
gauge transformations.

» After the symmetry breaking, by setting the auxiliary field to
a—0, ¢° =/, we arive to SO(1,3) gauge invariant action.

: :
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The low-energy NC corrections to the gravity action
» We are interested in the low energy expansion of the NC
action, so we keep only the terms of the zeroth, the first
and the second order in the derivatives of the vierbeins
(linear in curvature, quadratic in torsion...

1
Swe = Stigog /d4x e0°7 079 ((~2 4 120, + 3803)Ra s

6 + 28¢c, + 56¢3
+(4 — 18c2 — 44c3)Ra 55 — (6 + 2202 + 3603)955 Ray + — (@ 9985

9 9
+(5 — 20~ 703)Ta 753+(—1o+ 20 + 14c3)Ta Tgsa+ (38— 3¢ — 2c3)Taﬁ7755

1+ 20) Tapp T0 5 +8Tanys Tyl — (202 +403)Tarp Th 5
+(2¢2+403)gB5T76Ta‘; (2c'2+4c3)Ta,mT P95 + (—2 + 4cp + 18c3) ag.ye"vgef,

+(6 — 8¢y —8c3)Ta,YﬁeaV5e + (24 4c +12¢3) T, “e6V5e -T ﬁeév.,

+(—6 — 8¢y — 16¢3)T5,8 r—,\g’vae,Y — (2cp + 403)gary Tugegv(;e — (2¢5 + 4c3)935 apeg L2

b
—(4 + 160, + 32c3)eh epp V.,eivtgeu +(4+12c + 32c3)e(;ae;;vae7v3eu
—(2+4c + 8%)g35egel‘,’vweivaeﬁ +(2+4c + sg)gggegegvaezvveﬁ).
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Properties of the NC gravity action

NC corrections to Minkowski space-time
0000

» In the zeroth order this action reduces to the
Einstein-Hilbert action with cosmological constant.

» Local Lorentz symmetry is perserved, but the action
breaks the diffeomorphism symmetry.

o & - = = 9aex
:
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Equations of motion
» Variation with respect to the vierbeins:

W 3 871Gy 0S\2)
R,%elesel — §e§R+ 7 (1 +e+2c)eh =1t = — 5 56’:’30.
» Variation with respect to the spin connection:
167Gy 65
Tac€h — Tpo €a— Ty = Sz = T e 5wﬁb :

» We see that the noncommutativity is a source of curvature
and torison: i.e. flat spacetime becomes curved as an
effect of noncommutative corrections; also, a torsion-free
solution could develop a nonzero torsion in the presence of
noncommutativity.

:
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NC corrections to Minkowski space

» Minkowski space-time is a solution of vacuum Einstein
equations without the cosmological constant
(14+c2+2c3 =0).

» We want to find NC corrections to this solution, and
assume metric in the form: g,,, = 1. + hu, where h,, is a
small correction of the order 62.

» The first equation of motion becomes

%(808%”“ + D, 0MhY — 99" h — O — %nﬂ”(aaaﬁhaﬁ —Oh)

11 1
= = (210y 010 + =1 mgsnt 0P 070).
4/6 2

» The second equation gives no contribution, so the
Minkowski spacetime remains torsion-free.

: :
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Solution to equation of motion

» Righthand side of the equations for h,,, are constant, so
these equations are solved by h,,, quadratic in the
coordinates.

» We find the solution of the form:

Joo = 1_;/16 l90m90n)(m)(n_ ;/16 eaﬂaaﬂ,z’ go/‘ _ _;/16 GOmOOnXan,
1 . 11 11 P
J— . af 2 o
gi = —5,] — ﬁﬂ’mﬂmxmxn + mé”@ 00[5" — W@ ﬁGQBXIX/,

» Scalar curvature of this solution is

R = —%0°%979n,,nss = const.. Curvature is induced by the
noncommutativity.

[m] = = =
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Metric in Fermi normal coordinates

» The Reimann tensor for this solution can be calculated
easily. A very interesting (and unexpected) observation
follows: knowing the components of the Riemann tensor
the components of the metric tensor can be written as

goo = 1—Romonx"x",  goi = —gROminXan7 gj = —5/'/—%RimanmX"-
» This shows that the coordinates x* we started with, are
Fermi normal coordinates - inertial coordinates of a local
observer moving along some geodesic. They can be
constructed in a small neighborhood along the geodesic
(cylinder).
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Diffeomorphism symmetry breaking and Fermi normal
coordinates

» The measurements performed by the local observer
moving along the geodesic are described in the Fermi
normal coordinates. So, that is the observer that measures
6*" to be constant! In any other reference frame, observers
will measure 6+ different from constant.

» The breaking of diffeomorphism invariance is now
understood better: there is a preferred reference system
defined by the Fermi normal coordinates and the NC
parameter 64¥ is constant in that particular reference
system. The breaking of the diffeomorphism symmetry is a
consequence of fixing of the coordinate system.
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