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A mathematical game: sprouts

• J.H. Conway and M. Paterson, U. of Cambridge, 1967

•

• The player draws a line from a dot to another or back to itself, and
places a new dot along the way.

• A new curve cannot pass through an existing line or dot.

• At most three lines can meet at any dot.

• For n seeds, the game will last at most (3n− 1) moves.
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A game of no chance: Brussels sprouts

•

• Four edges can meet at the same location.
• For n seeds, the game will always last for exactly (5n− 2) turns:

• if n is odd, the first player wins

• if n is even, the second player wins
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Planar Graphs and the Euler Characteristic

• Final graph for Brussels sprouts, i = 10, e = 16, r = 8.

• Euler characteristic

χ = i − e + r
• χ = 2 for any planar graph

2 = i − e + r = (n+m)− 2m+ 4n

• m = 5n− 2 moves
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Topological Invariants: 4D Electrodynamics

• Pontryagin term is quadratic in F

P4 =
1
4
∗F µνFµν

• It is a topological invariant (locally a boundary term) such that

δP4 =
1
2

εµναβFµν∂α(δAβ) =
1
2

∂α

(
εµναβFµνδAβ

)
• Total Action

Ĩ = −1
4

∫
M

dtd3x
(
F µνFµν + γ ∗F µνFµν

)
.
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Topological Invariants: 4D Electrodynamics

• Bianchi identity ⇒ the last term does not contribute to the EOM.

• Additional surface terms may modify the boundary conditions

δI =
∫
M
d4x ∂µF µνδAν −

∫
∂M
nµ (F µν + γ ∗ F µν) δAν

• A well-defined variational problem requires δI = 0

• Standard: Dirichlet boundary condition δAν = 0 on the boundary.

Junction conditions: δA0 = 0 ⇒ E+ − E− = σ

• Alternative: asymptotic (anti) self-duality in F µν

F µν = ± ∗F µν at ∂M

fixes coupling as γ = ∓1
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Quadratic-Curvature Couplings

• GR is a non-renormalizable theory.

• Not a suitable candidate for a quantum theory of gravity
• In the low-energy limit of String Theory non-linear terms in the
curvature appear

• Interest in higher-derivative theories: gravity with a better UV
behavior

• Examples in 3D: Topologically Massive Gravity (TMG), New Massive
Gravity (NMG)
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Quadratic-Curvature Couplings

• Arbitrary Quadratic Curvature Couplings

I =
1

16πG

∫
M

d4x
√
−g

(
R − 2Λ+ αRµνRµν + βR2

)

• Cosmological constant Λ = −3/`2

• Theory describes a massless spin-2 particle, a massive spin-2 field and
a massive scalar

• Gauss-Bonnet term (topological invariant in 4D)

GB =
√
−g

(
Rie2 − 4RµνRµν + R2

)
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Classical Aspects of QCG

• Equations of motion

Gµν + Eµν = 0

• Einstein-Hilbert part

Gµν = Rµν − 1
2
Rgµν +Λgµν

• α part

Eµν

(α)
= (gµν�−∇µ∇ν)R +�

(
Rµν − 1

2
gµνR

)
+

+2
(
Rµσνρ − 1

4
gµνRσρ

)
Rσρ

• β part

Eµν

(β)
= 2R

(
Rµν − 1

4
gµνR

)
+ 2 (gµν�−∇µ∇ν)R.
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Classical Aspects of QCG

• Vacua of the theory (maximally-symmetric spaces)

Rµν
αβ = −

1
`2eff

δ
µν
αβ

• Effective AdS radius `eff = `

• N.B.: Einstein black holes are solutions of QCG
• Surface terms

δI =
∫
M

EOM +
∫

∂M

nµΘµ(δg , δΓ)

• Einstein-Hilbert part

nµΘµ

(E )(δg , δΓ) =
1

16πG
δ
[µν]
[σλ]
nµgλεδΓσ

νε
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Classical Aspects of QCG

• α part

nµΘµ

(α)
(δg , δΓ) =

α

16πG
δ
[µνδ]
[σλγ]

[
−nµG

γ
δ g

λεδΓσ
νε + n

λ∇µG
γ
δ

(
g−1δg

)σ

ν

]

• β part

nµΘµ

(β)
(δg , δΓ) =

β

8πG
δ
[µν]
[σλ]

[
nµRgλεδΓσ

νε − nλ∇µR
(
g−1δg

)σ

ν

]
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Abbott-Deser-Tekin energy

• Perturbation around a background metric ḡµν

gµν = ḡµν + hµν

• Linearized EOM

δ
(
Gµν + Eµν

)
= [1+ 2Λ (α+ 4β)]GLµν +

+α

[(
�̄− 2Λ

3

)
GLµν −

2Λ
3
RL ḡµν

]
+

+ (α+ 2β)
[
−∇̄µ∇̄ν + ḡµν�̄+Λḡµν

]
RL .

• Linearized curvatures

RLµν =
1
2

(
∇̄µ∇̄ν − �̄hµν

)
RL = Λh
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Abbott-Deser-Tekin energy

• Conserved quantities

8πG Qµ
ADT [ξ̄] = [1+ 2Λ (α+ 4β)]

∫
∂M

d3x Gµλ
L ξ̄λ +

+ (α+ 2β)
∫
Σ

dSν

(
2ξ̄
[µ∇̄ν]RL + RL∇̄µ

ξ̄
ν
)
−

−α
∫
Σ

dSν

(
2ξ̄λ∇̄

[µG ν]λ
L + 2Gλ[µ

L ∇̄
ν]

ξ̄λ

)
.
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Abbott-Deser-Tekin energy and Criticality

• Schwarzschild-AdS black hole

M = m (1+ 2Λ(α+ 4β)) .

• At the critical point ( α = −3β and β = −1/2Λ.)
[H. Lu and C.N. Pope, arXiv:1101.1971]

Icritical =
1

16πG

∫
M

d4x
√
−g

[
R − 2Λ+

3
2Λ

(
RµνRµν − 1

3
R2
)]

• Zero black hole energy:
-conserved charges coming from linearization of the theory
-evaluation on particular black hole solutions

• Linearization instability
[E. Altas and B. Tekin, arXiv:1705.10234]
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Noether-Wald charges

• For a gravity Lagrangian L = L(gµν,Rµναβ,Rµν,R), the Noether current is

√
gJµ[ξ] = Θµ(δξg) +Θµ(δξ Γ) + Lξµ .

• Using the Killing equation

δξgµν = ∇µξν +∇νξµ

on the r.h.s., the first term vanishes.
• Then, the current is

√
gJµ[ξ] = Eµναβgαλδξ Γλ

νβ + Lξµ,

where

Eµναβ =
δL

δRµναβ
.
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Noether-Wald charge

• Using properties of the Lie derivative

δξ Γλ
νβ = −

1
2

(
∇ν∇βξλ +∇β∇νξλ

)
+
1
2

(
Rλ

βνσ + R
λ
νβσ

)
ξσ ,

• the Noether-Wald current is
√
gJµ = 2Eµναβ∇ν∇αξβ ,

• and the corresponding charge

Q [ξ] =
∫
Σ

d2x
√

σ nµuν∇αξβ δL

δRαβ
µν

.

• Direct application of Wald formula to EH+QCG fails
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All the way with Gauss-Bonnet (Spivak)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 17 / 28



EH+QCG+GB

• Addition of GB with a coupling γ/16πG

I = IEH + IQCG +
γ

16πG

∫
M

GB

• Total surface term

• For maximally-symmetric spaces (global AdS)

nµΘµ ∼ δ
[µν]
[σλ]
nµgγλδΓσ

νγ

[
−4γ

`2
+ (1+ 2Λ (α+ 4β))

]
• Gauss-Bonnet coupling

γ =
`2

4
(1+ 2Λ (α+ 4β))
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EH+QCG+GB

• Noether-Wald charges for gravity+GB

Q [ξ] =
1

64πG

∫
Σ

dΣµ3µ4
∇ν3ξν4δ

[µ1µ2µ3µ4 ]

[ν1ν2ν3ν4 ]
×

×
[
δ
[ν1ν2 ]
[µ1µ2 ]

+(α+ 2β)Rδ
[ν1ν2 ]
[µ1µ2 ]

−4αRν2
µ2

δν1
µ1
+ `2 [1+ 2Λ (α+ 4β)]Rν1ν2

µ1µ2

]

• For Schwarzschild-AdS black hole

M = m (1+ 2Λ(α+ 4β)) ,

• ...with no tears!!!
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Pre-holography

• Interest: Holography in QCG, fourth-order field equations, richer
asymptotic structure, new boundary sources, etc.

• Pre-holography: correct asymptotic charges (in a
background-independent way), i.e., correct boundary terms.

• Those boundary terms can be used to obtain a holographic description
of the theory.
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Topological Invariants and AdS/CFT

• Einstein+Gauss-Bonnet in 4D (Λ = −3/`2)

I=
1

16πG

∫
M

d4x
√
−g

[
R − 2Λ+ γ

(
RαβµνRαβµν − 4RµνRµν + R2

)]

• Euclidean action for Sch-AdS black hole:

G = β−1IEucl =
M
2

(
1+

4
`2

γ

)
− TS + πr3

4G `2

(
1− 4

`2
γ

)
• In 4D AdS

Iren=
1

16πG

∫
M

d4x
√
−g

[
R − 2Λ+

`2

4

(
RαβµνRαβµν − 4RµνRµν + R2

)]

• Renormalized Action in AdS/CFT

Iren = IEH −
1

8πG

∫
∂M
d3x
√
−hK + 1

8πG

∫
∂M

d3x
√
−h
(
2
`
+
`

2
R(h)

)
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Boundary Formulation

• GB is locally a surface term

GB ∼ d(ΓdΓ+
2
3

Γ3)

• Euler Theorem ∫
M
d4xGB = 32π2χ (M) +

∫
∂M
d3xB3

• Boundary term

B3 = 4
√
−hδ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 −

1
3
K j2i2 K

j3
i3

)
• Extrinsic counterterms (Kounterterms)
R.O., [hep-th/0504233,hep-th/0610230]

I = IEH +
`2

16πG

∫
∂M

d3x
√
−h δ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 (h)−

1
3
K j2i2 K

j3
i3

)
.
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• GB is locally a surface term

GB ∼ d(ΓdΓ+
2
3

Γ3)

• Euler Theorem ∫
M
d4xGB = 32π2χ (M) +

∫
∂M
d3xB3

• Boundary term

B3 = 4
√
−hδ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 −

1
3
K j2i2 K

j3
i3

)
• Extrinsic counterterms (Kounterterms)
R.O., [hep-th/0504233,hep-th/0610230]

I = IEH +
`2

16πG

∫
∂M

d3x
√
−h δ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 (h)−

1
3
K j2i2 K

j3
i3

)
.
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Extrinsic Counterterms

• Add zero
I = IEH −

1
8πG

∫
∂M

d3x
√
−h K +

∫
∂M

d3x Lct .

Lct =
`2

16πG

√
−hδ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 (h)−

1
3
K j2i2 K

j3
i3
+
1
`2

δj2i2 δj3i3

)

• Expansion of K ji for any AAdS spacetime

K ij =
1
`

δij − `S ij (h) +O(R2)

S ij (h) =
1

D − 3 (R
i
j (h)−

1
2(D − 2) δijR(h))
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From Extrinsic to Intrinsic Counterterms

• O. Miskovic and R.O., [arXiv:0902.2082]

Lct = `2

16πG

√
−hδ

[i1 i2 i3 ]
[j1 j2 j3 ]

(
δ
j1
i1
` − `S

i1
j1

)
×

×
(
1
2 R

j2 j3
i2 i3
(h)− 1

3

(
δ
j2
i2
` − `S

i2
j2

)(
δ
j3
i3
` − `S

i3
j3

)
+ 1
`2

δj2i2 δj3i3

)
+ ...

• Balasubramanian-Kraus counterterms in 4D

Lct =
1

8πG

√
−h
(
2
`
+
`

2
R(h)

)
+ ...
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Renormalized Einstein-AdS action

• MacDowell-Mansouri (Stelle-West) form of the action

Iren =
`2

256πG

∫
M

d4x
√
−g δ

[σλµν]
[γδαβ]

(
Rγδ

σλ +
1
`2

δ
[γδ]
[σλ]

)(
Rαβ

µν +
1
`2

δ
[αβ]
[µν]

)
.

• Weyl tensor (on-shell) W αβ

(E )µν
= Rαβ

µν +
1
`2

δ
[αβ]
[µν]

• Renormalized action is equal to the Einstein part of Conformal Gravity
action

Iren =
`2

64πG

∫
M

d4x
√
−g W(E )µναβW

µναβ

(E )

O.Miskovic and R.O., [arXiv:0902.2082]

• For Einstein spaces (Bµν = 0), CG action is equal to the renormalized
Einstein action
G. Anastasiou and R.O., [arXiv:1608.07826]
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Gauss-Bonnet term and SUSY (Einstein case)

• Supersymmetry invariance including surface terms

• They are the SUSY generalization of the GB term in N = 1 and N = 2
4D AdS SUGRA

• Vanishing of super-curvature for OSp(N | 4)
L. Andrianopoli and R. D’Auria [arXiv:1405.2010]

• Topological Renormalization may provide insight on a general relation
between Holographic Renormalization and SUSY
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Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)

R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Holographic Renormalization in QCG

• Generalized Gibbons-Hawking term

IGGH = −
1

16πG

∫
∂M

√
−hF ij

(
Kij −Khij

)
where F µν is an auxiliary field.

• Fefferman-Graham expansion for AAdS spaces

ds2 =
`2eff
4ρ2

dρ2 +
1
ρ
gij (x , ρ) dx

idx j

gij (x , ρ) = g(0)ij (x) + ρg(1)ij (x) + ρ2g(2)ij (x) + · · · .

• Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

g(1)ij = −
1

d − 2

(
R(0)ij −

1
2(d − 1)Rg(0)ij

)
R. Olea (UNAB) () Brussels sprouts, black hole mass and pre-holography 27 / 28



Conclusions

• First indication that topological invariants renormalize gravity with
quadratic curvature couplings

• Non-trivial check: higher even dimensions OK!

• Critical Gravity: zero energy for Einstein black holes
G.Anastasiou, R.O. and D.Rivera-Betancour [arXiv:1707.00341]

• Odd dimensions???.

• More to come: Black hole thermo, holography

• Holographic Entanglement Entropy and Topological Invariants
G.Anastasiou, I.Araya and R.O., [arXiv:1712.09099]
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