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e The player draws a line from a dot to another or back to itself, and
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R. Olea (UNAB) 0 2/ 28
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¢ J.H. Conway and M. Paterson, U. of Cambridge, 1967

e The player draws a line from a dot to another or back to itself, and
places a new dot along the way.

e A new curve cannot pass through an existing line or dot.

e At most three lines can meet at any dot.
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A mathematical game: sprouts

¢ J.H. Conway and M. Paterson, U. of Cambridge, 1967

e The player draws a line from a dot to another or back to itself, and
places a new dot along the way.

e A new curve cannot pass through an existing line or dot.
e At most three lines can meet at any dot.

e For n seeds, the game will last at most (3n — 1) moves.
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A game of no chance: Brussels sprouts
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e Four edges can meet at the same location.

e For n seeds, the game will always last for exactly (5n — 2) turns:
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e Four edges can meet at the same location.

e For n seeds, the game will always last for exactly (5n — 2) turns:

e if nis odd, the first player wins
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A game of no chance: Brussels sprouts
+ * oL f\+ 6\+

1 2 1 2

&SF &F & &F

1 2 | 2

e Four edges can meet at the same location.

e For n seeds, the game will always last for exactly (5n — 2) turns:

e if nis odd, the first player wins

e if nis even, the second player wins
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Planar Graphs and the Euler Characteristic

¢ Final graph for Brussels sprouts, i = 10, e = 16, r = 8.
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¢ Final graph for Brussels sprouts, i = 10, e = 16, r = 8.
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o Euler characteristic™ 7
X=i—e+r
e x = 2 for any planar graph
2=i—e+r=(n+m)—2m+4n
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Topological Invariants: 4D Electrodynamics

e Pontryagin term is quadratic in F

1
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Topological Invariants: 4D Electrodynamics

e Pontryagin term is quadratic in F

1
,P4:Z*FW/FHV

e It is a topological invariant (locally a boundary term) such that
1 jwap 1 pvap
6Py = 5P Fdu(0Ag) = 53u (€"PFundAp)
e Total Action

= / dtd®x (FF Fyy + 7 *F' Fpy) .
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Topological Invariants: 4D Electrodynamics

¢ Bianchi identity = the last term does not contribute to the EOM.
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Topological Invariants: 4D Electrodynamics

¢ Bianchi identity = the last term does not contribute to the EOM.
Additional surface terms may modify the boundary conditions

5/:/ d*x 9, FIVSA —/ FIV 4o s FIVY 6A
y & o v a/vln”( 7 ) oAy

A well-defined variational problem requires 6/ = 0

Standard: Dirichlet boundary condition §A, = 0 on the boundary.

Junction conditions:  Ag =0 =Et—-E =0

Alternative: asymptotic (anti) self-duality in F*
FM = 4+ *F  at aM

fixes coupling as v = F1
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Quadratic-Curvature Couplings

¢ GR is a non-renormalizable theory.
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Quadratic-Curvature Couplings

Arbitrary Quadratic Curvature Couplings

16”G/d4x\/ (R—2A+aR" Ry, + BR?)

Cosmological constant A = —3//(?

Theory describes a massless spin-2 particle, a massive spin-2 field and
a massive scalar

Gauss-Bonnet term (topological invariant in 4D)

GB = V=g (Rie? — 4R" Ry, + R?)
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Classical Aspects of QCG

¢ Equations of motion
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Classical Aspects of QCG

¢ Equations of motion
G4+ EMW =0

¢ Einstein-Hilbert part
GM = R — %Rg”” + Agh
e 1« part

1
E(F;") = (g"O-VIV)R+O (RW — 2g’“’R> +

1
+2 (RWVP - 4gWR"P> R

e [ part

(B)
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Classical Aspects of QCG

e Vacua of the theory (maximally-symmetric spaces)
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Classical Aspects of QCG

e Vacua of the theory (maximally-symmetric spaces)

wo_ w
Rl = 5 y

o Effective AdS radius (o =/
e N.B.: Einstein black holes are solutions of QCG
e Surface terms
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Classical Aspects of QCG

e Vacua of the theory (maximally-symmetric spaces)

uvo uv
Fap =~
Effective AdS radius l.¢ = ¢
e N.B.: Einstein black holes are solutions of QCG

Surface terms

5l = /EOM—i— / n, @ (5g, T)
oM

Einstein-Hilbert part

n @' (3g,oT) = L(s“‘”

1671 [oA] nﬂg)\gérge

(£
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Classical Aspects of QCG

e x part

44 ) _ g
m©f, (0g,0T) = 70/} [~m 6] g**oTT. + 'V, 6] (g710¢) |
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Classical Aspects of QCG

e x part

a 5 B o
Ol .11 = iy e 5, (5

e B part

(o
”y®’&;)(5gr5r) = %‘5%\]] [nng"SzSFi; - n/\V;lR (g_15g>v}
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Abbott-Deser-Tekin energy

e Perturbation around a background metric g,

8uv = 8w + huy

R. Olea (UNAB)



Abbott-Deser-Tekin energy

e Perturbation around a background metric g,

8uv = 8w + huy

e Linearized EOM
6 (Guw+Ew) = [1+2A(x+4B)] Gy, +
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Abbott-Deser-Tekin energy

e Perturbation around a background metric g,

8uv = 8w + huy

e Linearized EOM
6 (Guw+Ew) = [1+2A(x+4B)] Gy, +

_ 2A 2A
KD—) Gy — 2 Rz |+

+ (a+2B) [-VuVy + g0+ Agu ] RE.

e Linearized curvatures

1
Ry = 5 (VuVy = Ohy)

RL = Ah
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Abbott-Deser-Tekin energy

e Conserved quantities

871G QL [E] = [1+2A (oc+4,3)]/d3x GIE, +
M
+ (a +28) / ds, (25119 1RL + REVME) —
x

" / ds, (28,96 +26/119, )
X
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Abbott-Deser-Tekin energy and Criticality

e Schwarzschild-AdS black hole

M= m(1+2A(x+4B)).
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Abbott-Deser-Tekin energy and Criticality

e Schwarzschild-AdS black hole

M= m(1+2A(x+4B)).

o At the critical point ( @« = =3B and p = —1/2A.)
[H. Lu and C.N. Pope, arXiv:1101.1971]
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/critical 16 G /d4X\/ |:R 2A + 7[\ <Rvayv — 3R2>:|

R. Olea (UNAB) 0 14 / 28



Abbott-Deser-Tekin energy and Criticality

e Schwarzschild-AdS black hole
M=m(1+2A(x+4pB)).

o At the critical point ( @« = =3B and p = —1/2A.)
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e Zero black hole energy:
-conserved charges coming from linearization of the theory
-evaluation on particular black hole solutions
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Abbott-Deser-Tekin energy and Criticality

Schwarzschild-AdS black hole

M= m(1+2A(a+4B)).

o At the critical point ( @« = =3B and p = —1/2A.)
[H. Lu and C.N. Pope, arXiv:1101.1971]

3 1
/critical 16 G /d4X\/ |:R 2A + 7[\ <Rvayv — 3R2>:|

Zero black hole energy:
-conserved charges coming from linearization of the theory
-evaluation on particular black hole solutions

e Linearization instability
[E. Altas and B. Tekin, arXiv:1705.10234]
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Noether-Wald charges

e For a gravity Lagrangian L = L(gu, Ruvapg. Ruv, R), the Noether current is

VeI [E] = OF(dzg) + OF (5:T) + LEH .
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¢ Using the Killing equation
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Noether-Wald charge

e Using properties of the Lie derivative

5eTly = — (VoVpe + Ve 2 (R + Rigo) €.
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All the way with Gauss-Bonnet (Spivak)
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EH4+QCG+GB

¢ Addition of GB with a coupling v/167G

I—IEH+IQCG+16 G/G
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EH4+QCG+GB

¢ Addition of GB with a coupling v/167G

I:IEH+IQCG+16 G/G

e Total surface term

L [I 4 ] Av [ V]V [ 4 1% v
n,,@’ = 61 O[f”‘ “] 1, 9" {5[:“";] +4’)R“t“2 + (a+2p) R5[Z”‘f 74(YR ’6'1 1) K:/ —
1 NI Ly ViV — -
i O[LI' :“]n"‘ V“ [(a +28) Ro[ ! 2 - 40H:’f)5zl] (g 159);',“].
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EH4+QCG+GB

e Addition of GB with a coupling ’)//1671’G

=1 /

e Total surface term

L 1 N Av [vive 12872 [viva] Vo SV v
7,0 1G9 {5“““2] +4yR;1E + (o +28) RS — 4aR;2 0, | OTY, —
1 NI Ly Vv - P

S TRreL O LI [(a+23)3<>[ el 740352)5;1] (g'39).

e For maximally-symmetric spaces (global AdS)

4
nOF ~ 5{ A]] g ™oTY [—g +(142A (a+ 4/3))}
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EH4+QCG+GB

e Addition of GB with a coupling ’)//1671’G

I =1 /

e Total surface term

L 1 N AV [v1v2] 12872 [Ull/z vo SV V3
7, O, g (o2} + 4y Ry + (a+28) Roj ) — daRyzor | 0T, -
1 L l 1404 — -
76-1#6'0[:‘1 j”]n”'v“ [(a+23) Ro[ 2] 74QR:’1§6Z‘] (g 1(59);’,“1.

e For maximally-symmetric spaces (global AdS)
4
nOF ~ 5{ A]] g ™oTY [—g +(142A (a+ 4/3))}

¢ Gauss-Bonnet coupling

52
Y= (1+2A (x+4p))
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EH4+QCG+GB

¢ Noether-Wald charges for gravity+GB
_ 1 (H1pab3ha)
Q[(:] - m / dz#am v (:VA(S[v;v;v:vj x
b

[v1va] [vivo] 2
% {5[%!11#22} +(a+28) R(S[Vll}‘zz] —4aR 20, + 07 [14+2A (a + 4B)] Rlim
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EH4+QCG+GB

¢ Noether-Wald charges for gravity+GB
_ 1 (H1pab3ha)
Q[(:] - m / dz#am v (:VA(S[v;v;v:vj x
b

[v1va] [vivo] 2
{5[%!11#22} +(a +2p) R(S[Vll}‘zz] —4aR S0y [1+2A (e +4B)] Rlim

e For Schwarzschild-AdS black hole

M=m(1+2A(x+4B)),
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EH4+QCG+GB

¢ Noether-Wald charges for gravity+GB
Q] = g [ VoS L -
b
{5&11’:2]} +(x+2p) R(smj —4aR26Y + (2 [1+ 2A (a + 4B)] RIAY2 }
e For Schwarzschild-AdS black hole

M=m(1+2A(x+4B)),

"
e ...with no tears!!! </

R. Olea (UNAB) 0 19 / 28



Pre-holography

¢ Interest: Holography in QCG, fourth-order field equations, richer
asymptotic structure, new boundary sources, etc.
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Pre-holography

¢ Interest: Holography in QCG, fourth-order field equations, richer
asymptotic structure, new boundary sources, etc.

¢ Pre-holography: correct asymptotic charges (in a
background-independent way), i.e., correct boundary terms.

e Those boundary terms can be used to obtain a holographic description
of the theory.
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Topological Invariants and AdS/CFT

o Einstein+Gauss-Bonnet in 4D (A = —3//(?)

16nG/d4xF [R—28+ 7 (R™¥ Ry, — 4RI Ry, + R2) |
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Topological Invariants and AdS/CFT

o Einstein+Gauss-Bonnet in 4D (A = —3//(?)
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e Euclidean action for Sch-AdS black hole:
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Topological Invariants and AdS/CFT

o Einstein+Gauss-Bonnet in 4D (A = —3//(?)
4
167TG /d xv/=g [R—28+7 (R Rygy, — 4R Ry, + R?) |

e Euclidean action for Sch-AdS black hole:

M 4 rs 4
_ p—1yEuc _ M 4 _
G=p""1 —2(1+£27> T5+4G£2 <1 627)

e In 4D AdS

1 Iz
hn=1geg | 9XVe [R — 20+ o (R Ropyy — 4R Ry + Rz)}
M

¢ Renormalized Action in AdS/CFT

1 2 0
hen = len — 5= . d3xv—hK + ﬁ d*xv/—=h (e 4 2R(h)>
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Boundary Formulation

e GB is locally a surface term

GB ~ d(TdT + %r?’)
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Boundary Formulation

e GB is locally a surface term

GB ~ d(TdT + %r?’)

e Euler Theorem

/ d*xGB = 3271:2)((/\/7)4-/ d*xBs
M oM

e Boundary term

Bs = 4v/—ho[ 2"

lijass] i1 iz 370 i

KJl ( R12J3 _ lsz Kj3>

o Extrinsic counterterms (Kounterterms)
R.0., [hep-th/0504233,hep-th/0610230]

‘€2 3 [11 I I3] _/1 1213 1 j2 _j3
167G d*xV=h 5[111213]K ( Rlzla( ) = 3 Kiz Ki3 ) .
oM

| =
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Extrinsic Counterterms

e Add zero

1
oM oM

(? / liviais] i (1 o3 Lo i L s
Lot = m _h5U1j2j3]Ki1 (2 Ri2i3(h) - § Ki2 Ki3 + 52‘5{'2511‘3)
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Extrinsic Counterterms

e Add zero

1
oM oM

(? / liviais] i (1 o3 Lo i L s
Lot = m _h5U1j2j3]Ki1 (2 Ri2i3(h) - § Ki2 Ki3 + [2‘511'25{‘3

e Expansion of K{ for any AAdS spacetime

Ki = %5}—€Sj(h)+0(722)
Sith) = [):1_3(73}:(")—2([)1_2)‘5}73(”))
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From Extrinsic to Intrinsic Counterterms

e 0. Miskovic and R.0., [arXiv:0902.2082]
Lot = g v/=Rol222] (S0 s )
¢t — Ter lijajs) | € J1

. 2 : &3 : D
1 )3 1% _ ych Y3 pch 1 s
x (2 Ria(h)—3 | #—1¢5; ( 7 £513> + 5 015
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From Extrinsic to Intrinsic Counterterms

e 0. Miskovic and R.0., [arXiv:0902.2082]
- 2 \/jhé[flfﬂé] i _ gsll X
¢t = 167G lijajs) | € J1

i2i3

5’;) +

X (1 R (h) — 1 st (‘513 —~ £5’3> + ko2
2 Vi 3 l 1 l 3 2%

e Balasubramanian-Kraus counterterms in 4D

1 2 !
Lo= ooV (e + 2R(h)> .
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Renormalized Einstein-AdS action

e MacDowell-Mansouri (Stelle-West) form of the action

/d4 V=gl (RV‘S 5%)( /3+—(5[ m)

[nv]

Iren
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Renormalized Einstein-AdS action
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Renormalized Einstein-AdS action

e MacDowell-Mansouri (Stelle-West) form of the action
4 oAl (1 = sl By - slapl
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Renormalized Einstein-AdS action

e MacDowell-Mansouri (Stelle-West) form of the action

Y=g oA (10 [v4] ap [«]
2567IG /d & lyianp) (R 5[MJ> ( +‘5[w]>

Iren

W _ b 1 sleB
Wiy = R + 2 9

e Renormalized action is equal to the Einstein part of Conformal Gravity
action

e Weyl tensor (on-shell)

_ 4 pvap
hen = 647tG/d x V=8 Wieyuas Ve

0.Miskovic and R.O., [aerv:0902.2082]
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Renormalized Einstein-AdS action

e MacDowell-Mansouri (Stelle-West) form of the action

4 [cAuv] 7(5 [vé] /3 L Sep
fren = 2567IG /d V=8 (R 5[%)( + ‘S[wl>

e Weyl tensor (on-shell) W(a E)uv = R:ff 7 5%;5%

e Renormalized action is equal to the Einstein part of Conformal Gravity
action

_ 4 pvap
hen = 647tG/d x V=8 Wieyuas Ve

0.Miskovic and R.O., [aerv:0902.2082]

e For Einstein spaces (B, = 0), CG action is equal to the renormalized
Einstein action
G. Anastasiou and R.0., [arXiv:1608.07826]
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Gauss-Bonnet term and SUSY (Einstein case)

e Supersymmetry invariance including surface terms

e They are the SUSY generalization of the GB term in N’ =1 and \/ =2
4D AdS SUGRA

Vanishing of super-curvature for OSp(/N\ | 4)

L. Andrianopoli and R. D’Auria [arXiv:1405.2010]

Topological Renormalization may provide insight on a general relation
between Holographic Renormalization and SUSY
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Holographic Renormalization in QCG

¢ Generalized Gibbons-Hawking term

/FF'J i — Kh)

l
GGH = 16 167G

where FMV is an auxiliary field.
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Holographic Renormalization in QCG

¢ Generalized Gibbons-Hawking term

/FF'J i — Kh)

l
GGH = 16 167G

where FMV is an auxiliary field.

¢ Fefferman-Graham expansion for AAdS spaces
02 o
2 ff
ds® = 4;2 02 + pgu(x ) dx'dx’!
8ii(x. 0) = 8(0);j(x) + pg(1)i(x) +P2g(2)ij(X) t

e Penrose-Brown-Henneaux transformations
Imbimbo, Schwimmer, Theisen, Yankielowicz [hep-th/9910267]

1 1
8L~ g2 (R(o)ij - Q(dl)ng)ij)
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quadratic curvature couplings

Non-trivial check: higher even dimensions OK!

Critical Gravity: zero energy for Einstein black holes
G.Anastasiou, R.0. and D.Rivera-Betancour [arXiv:1707.00341]

Odd dimensions???,

More to come: Black hole thermo, holography

Holographic Entanglement Entropy and Topological Invariants
G.Anastasiou, I.Araya and R.0., [arXiv:1712.09099]
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