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Extremal black hole

Metric of the general stationary black hole

ds? = f(r)dt? — gr(i) —dX?(r) (0.1)

Horizon is located at r = ry which satisfies
f(r0) =g(rn) =0 (0.2)

Extremal black hole has zero temperature T = 0 or equivalently
f'(r0) = &'(r0) =0, (0.3)

rp is a double zero.



Near horizon of extremal black hole

We zoom in the area of space-time near the horizon

r=rp+ aep (0.4)
t= 6% (0.5)
€0 (0.6)

after applying previous transformations and limes to the metric of
extremal black hole we obtain

2dp?
g"(r)p?

which is also the solution of the theory.

1
ds® = §a2ﬁ2f”(ro)p2d7'2 - - dEz(IinB ro + aep) (0.7)
e—



Canonical charges

Theory with local symmetry = Presence of constraints C; =0

Generator of local symmetries in d + 1 dimensions is of the form
G / déxai(x, )G (0.8)

Transformations are generated via Poison bracket

dAOG  6G HA
A=A, G| = - — — —— .
4. €] izj(Sgb’ om; 09 om;j (0.9)




Canonical charges

Functional derivatives have to be well-defined

6G = /ddx@,-égbi + II'r; +/ Boundary term (0.10)

r—oo

Improved Generator y
G=G+TI (0.11)

I" = boundary term (0.12)

Has well-defined functional derivatives
6G = / dix®;0¢" + 'n; (0.13)
Integrability condition on charges

or = —/ Boundary term (0.14)
r—o0



Canonical charges and asymptotic symmetry

Surface term I represents conserved charges
If I'=0 = symmetry is pure gauge

If ' 20 = symmetry is not gauge
Boundary conditions are essential

Allowed symmetry=Local symmetries that respect boundary
conditions

Allowed symmetry
Symmetry with '=0

Asymptotic symmetry=



Poincare gauge theory in 3D
Dynamical variables
> vielbein e"u

> spin connection w',

wh, = —ePuyy, (0.15)
Field strengths

» Torsion T' = de' +wijej

» Curvature RY = dw? +wikw
The most general parity preserving Lagrangian in 3D

kj

.. 1 A
LG = —aos,-jke’Rfk — nga,-jke’efek + L-,—2 + LRZ s

Ly = Ti* (al(l) T; + 22(2) T; + 23(3) T,') ,

1 .
L = LRI (b4(1)R,-J- + bsOR; + bs(ﬁ)R,-j) . (0.16)

Oliva-Tempo-Troncoso black hole is solution iff

by +2bs =0. (0.17)



Static Oliva-Tempo-Troncoso black hole

OTT black hole metric is given by

ds? = N2dt*> — N=2dr? — r’dy? (0.18)

2
where N? = — + br + 2—2

Horizons are located at

ry = % (—bﬁz + 0/ B212 + 4u) . (0.19)

The black hole is extremal iff horizons coincide ry = r_. This
condition is satisfied if

b2 +4u =0 (0.20)



Near horizon of extremal static OTT

t
t— —, r—ry+ep.
€

After change of coordinates and limes ¢ — 0 we obtain

(0.21)

(0.22)

(0.23)



Boundary conditions

We use notation
O,=0(r"") (0.24)

Asymptotic conditions on vielbein

04 O3 0>
i l
ey~ O P + Oy Oy (0.25)

O1 (@) Oo

Asymptotic form of spin connection

| 01 0, O
Wy~ | o 05 0 (0.26)

01 03 O,



Asymptotic symmetry

The diffeomorphisms

ft = T(t) + 03,
" =rU(p) + Oo,
§7 =5(p) +O1.

Local Loretz transformations

0° = O,, ol = O,

All surface terms are zero [' =0

Symmetry is pure gauge

(0.27)

(0.28)



Rotating OTT black hole

Metric of the rotating OTT
ds? = N?dt? — F2dr* — r(dp + Nydt)?, (0.29a)

where

\/+ H ( 1+77)+7(1— n)* — i,

bl
— A=14 >~ (1—
F, +4H( ),

i
Ny = 55 V1=n?*(n—bH),

H= \/r2 _ “f(l ) - bj? (1), (0.20b)




Near horizon of rotating OTT

There are two possible near horizon geometries
> 44+ b?2 = 0 leads to the previous case
> n= 0

2r2 n
2

We chose triads to be of the form

2
ds? = —dtdyp — f—dr — rgdy?, (0.30)

r? A 5 1
¥ = —dt, er = ;dr, e” = ﬁdt — rody (0.31)



Boundary conditions

Asymptotic form of vielbein
O e Os O
ey~ O1 - +03 O (0.32)
zé + O Os Oo

Asymptotic form of the spin connection

' —g + O Oz Oo
w’u ~ 200 —% + 0y O (0.33)
-7+ 01 Oz Oo



Asymptotic symmetry

The diffeomorphisms

§F = T(t) + O3,
gr = rU(@)+Olv
¥ =5(p)+ O4. (0.34)
Loretz transformations
62 = O, (0.35)
2 r
ot = — f — 05+ Oy



Asymptotic symmetry: Charges

G=G+1rI (0.36)
2 r2 &0 62
F:—4a0/ dolT(O) (2~ 2 ~u2+ )+ (037)
0

S(p)wperp + (2U(0) + 0: T(t))eg]  (0.38)

The charge is finite due to conditions that follow from the
constraint T' =0
e? e?

_e_ ¥
14 14

+w) —wd =0, (0.39)



Asymptotic symmetry: Algebra

Using the composition law for the local Poincare transformations

£ = £20," — £0ut"
9//1’ — eijkéje’k + 5“%9” _ é-/aaagi

we obtain the algebra of charges Virasoro algebra
[Lm, Ln] = —i(m — n)Lpmin.
Kac-Moody algebra
[Jm, In] = —i16maglmémn 0,

where

R = 167T80£ =

G

(0.43)

(0.44)



Entropy
Entropy of the extremal OTT black hole

1o
S=n—= 0.45
e (0.45)
can be reproduced via peculiar formula
1

§ = 4m\| L5 n, (0.46)

where the value of the Virasoro generator Ly on the solution

on—shell rg

L"™ =—. 0.47

Entropy is reproduced with entropy formula of WCFT

27 Jo JYac Jn)2 Jvac)2
Swerr = B +47r\/—(Lo G (L — (46™) )

K 2K 2K
(0.48)

IFF
[ vac _ (J(\)/ac)2 _ Kk
0 2k 8

(0.49)



Soft Hair

Hair <= difference between states of a black hole

Soft <= zero energy



Near Horizon charges are soft

0; is Killing vector
near horizon states with energy w are of the form
el (0.50)
From the perspective of Black hole space-time
elwT = giwet (0.51)
consequently, the energy is

2 =we—0 (0.52)



Conclusion

Soft hair is promising proposal for the explanation of the black hole
entropy and information paradox

Simple realization of soft hair for extremal black holes via near
horizon geometry

Still far from full picture, many open problems
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