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GW model



GW model 1/24

2
Seni= sz”x(%ayqb*a“mm7¢*¢+1¢*¢*¢*¢+
41
1 ~ -
+ in(xuqb) * (x“qb))
where [x',x"], =i6" and X, = 2(9_1)WXV
in 2-dim (Grosse and Wulkenhaar 03)

of the 2-dim Aqbi‘—model is by defining
itasa Q — 0 limit of the series of GW models in which € itself
does not renormalize and serves as a series-label

- harm. osc. potential & (Buri¢ and Wohlgenannt 10)



Heisenberg algebra 2/24

- absorbing the length scale, going to matrices:

X', x"], =i0" = [XY]l=i1

- infinite-dimensional representation, X -+ Y/i— —

+1
+1 +V2
+V2 +V3
+V/3
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Truncated Heisenberg algebra (tHA)

[X,Y]=i(1-2) [X,2] = i{Y,Z} [V,Z] = —i{X,Z}

- possible to define diff. calculus (Buri¢ and Wohlgenannt 10)

- derivatives given by NC coordinates:

. 1
oy = [iPy, -] P, =-Y P, = X P=5-2
+ curvature:
15 22 .
R:7]1—ZZ—4(X +Y*) = —16diag(1,2, ..., N)



Matrix model & Phase transitions



Matrix model 4[24

- Weyl transform of the GW model:
d)(—)d) [<—>vdet2179tr

- matrix model on the truncated Heisenberg algebra:

Sy = Ntr(CDIZd) - g,RcI)2 = g2<j>2 + 94¢4)

- kinetic operator: K = [X,[X,- 1]+ [Y,[Y,- 1]
- unscaled vs. scaled parameters:
G; = Ngy G, = Ng,

X
X— — Y R— —
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JN TN N



Phase structure 5/24

- EOM:
2K® — g, (RO + OR) + 20 (2g,9° - g, 1) = 0

+ vacuum solutions:

tro 0 forg, =<0
=— forg, >
294 92
- 3 phases:
- disordered/1-cut symmetric phase: ®; =0
®y oc UL, U

- ordered/1-cut asymmetric phase: byl
1+g.R
ol = 2190

29,



Eigenvalue distributions 6/24

p(A) for (ga, gr)=(2, 0)

T-phase, g,=2 N -phase, g,=4 M -phase, g,=6
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- disordered/1-cut symmetric phase: o, =
Oy oc UL, U
- ordered/1-cut asymmetric phase: ®qyp o 1




Numerical simulations 7/24

- we are interested in:
J[dcb] 0e ™™

=

- numerical integration by Hamiltonian Monte Carlo, N < 70

- thermodynamic quantities:
- heat capacity C=VarS/N’
- susceptibility X = Var (| tr ®|) /N’

- random field characteristics:
- eigenvalue (p,) and trace (p,,) probability distributions



Phase diagrams 8/24

9=0.0 9,=0.2

Sy > tr(gr|R|¢2) = 6Q;p < 169, 6g;p > 16g, = ¢2R = gz]lgTir'Rl

X 4

59;’3 =169,




Stripe phase removal in GW 9/24

- triple-point shift:

595 o g, 86y o< Ng, Gy ~ N = 00

- mass shift (mZ,: e.g. Franchino-Vifias and Pisani 14):

sm? ——A lo @
T DR+ 02) 8 Q

|6G£en ~logN < G;p




Stripe phase removal in GW-renormalized A’

- ¢’ -renormalization (Grosse and Wulkenhaar 03):

1 4
N~N, g ~———0 GW - Ag"
gr Iog2 N ¢
- triple-point shift:
tp tp tp N
6g;, o< g, 6G, oc Ng; Gy ~ 5 2
log® N
- mass shift:
2 _ 7\ /\26 ren tp
6mren = m |OgT |6Gz = |Og/\/ < 62




Phase diagrams revisited 11/24

g,=0.0 g,=0.2

|6G5"| < GY = bare model stays in {-phase!



Analytical results




Eigenvalue distribution equation 12/24

Sw(@®) = N tr( @Ko — g RO — g, + g, 0")

Sw(AU) = N tr(( )K(UAU") = g,RUN'U" = g,A” + gu1")

Sef(N) = N tr(" -GN + guA ) Z log |Am —

m#n

8Ser=0 = ?2—gA+2g,A° = J'cm’;’(—/\)

support

2 2
example: p(A) = 2l +,27/\ ) =92 \[1a



Harish-Chandra-Itzykson-Zuber formula

Z= J[dcb] e = J[d/\] A(N) e—Ntr(—Qz/\zwa/\“) [[dU] eg,Ntr(URu*/\z)

etaq b, etaq b, . etaq by

| = J'[dU] et”(AUBUT) = Cw G g el
tNOV=D12 A (AYA(B) : :
U(N) etaNb1 etasz etaNbN
N—1
Cy = 1—[ Rl A(A) = l_[ (a; —aj) a, b — eigenvalues

k=1 1<i<j=N



RTNI package 14/24
[ t ,
- Z =1y Iy = J[du] tr"(AUBU')

1

(] tﬂ
= exp(— Z er,)
=il

S, = -, S, =51 —1, S3=-5/-35S, -

- Fukuda M, Konig R, Nechita I.
. J. Phys. A: Math. Theor. 52 (2019)
- Mathematica or Python, up to 20 U-matrices



RTNI package — inside look: /,
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RTNI package — performance 17/24

I I, I I, Is ls

terms 1 4 36 576 14,400 518,400

time* 0.2s 03s 1s 19s 10 min 21h
*Ryzen 7,16 GB RAM + 20 GB swap, Ubuntu 20, Python

- additional Python code for collecting the repeating terms
- in the end, I, has pﬁ terms: 1, 4, 9, 25, 49, 121, ...



Effective action corrections 18/24

1
S = N - trA - trB

1

T tr(A — trA/N)2 -tr(B — trB/N)2

52=—

2N
(NZ _ 12)(,\[2 _ 22)

Sy = — - tr(A — trA/N)? - tr(B — trB/N)’

_tr(A —trA/N)" 5 - tr(B — trB/N)"

An N " N



Effective action — 4th and 5th order corrections

6N* (N + 1
5, = — ( )

18N*(N? + 1)(N? = 3)

(N? — 12)(N2 = 22)(N? — 32) ’

6N(2N? - 3)

(N2 = 12)2(N2 = 22)(N? — 32) ’

+(N2 _ 12)(,\,2 _ 22)(/\,2 _ 32)

2
. 24N(N° +5)

(NZ _ 12)(N2 _ 22)(/\,2 _ 32)(/\[2 _ 42)
480(N* = 5N* - 1)

_N(N2 —12)2(N? = 22)(N? — 32)(N2 — 42)
120(N* - 2)

= (NZ _ 12)(,\/2 _ 22)(/\,2 _ 32)(,\[2 _ 42)

- (A, By + B, A)

- As Bs
- A3 A B3 By

-+ (As B3 B + Bs A3 Ay)



Effective action — odd order corrections

- for diagonal A, transpose w.rt. anti-diagonal is:

Ar = 04/A0;

- for A = —A; (this is the case for R — trR/N):

J[dU] tr"(UAU'B) = [[d(um)]tr”[(uO1 )A(Uoy)'B]
- [[d(um)] u"[U(01A0)U'8]
= [[du]tr”(UATu*B) = (—1)”[[du]tr”(UAu*5)

- when n is odd:
J[du]trOdd(UAu*B) =0

+ Sodd couples odd with even orders & S, = —1I4, hence:



Effective action up to 6th order

Sef(A) = = (g2 — 8g,) NtrA®

32 32
+ (g4 - ?gf) NtrA® + ?gftrz/\2

1024 g 1024 4 > 4096

ﬁg,Ntr/\ +Tg tr /\ ——grt/\ t/\

524288 ¢ o 10 262144 ¢ 524288 ¢ 5 6
Wg,tr/\ trA —Wgr /\ /\ + 067 g,tr/\

— log A*(N)



I—11 phase transition 22/24
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Conclusions & Outlook




What is done? 23/24

space model massshift triple point start. phase renorm.

Ry, tHA  Ad UV/IR 0 Tl NO
Ry, tHA  GW log N N 0 YES
Ra, tHA  Adgw log N N /log’N 1 YES
e-tHA u(n) one phase? 147 NO
- hypothesis:
- connection is between the

renormalizability and its phase structure



What next? 2424

- analytical front:
- kinetic-term effects
- 1l - 17 transition line

- numerical front:
- gauge model, Chern-Simons
- 4-dim GW

- metodology front:
- method extendable to other existing models
- GPU utilization (CUDA)
- ML utilization

- speculations: astrophysics, superfluid dark matter

- numerical simulation of phase transitions could tell us in
advance about the renormalization properties of new models



for your attention.
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Gauge model

- arXiv: 1003.2284, 1203.3016, 1610.01429
- start with the 3-dim action on e-tHA:

S = —161?tr(F(*F)+(*F)F)

- “compactification” to z = 0:

S = 3t (1= €)(Fa) + (0:6) + (Do) + (5= W'Y’

=2 UF — beFpd” — € {py + igh, ¢}2 - Ez{Pz +igA;, ¢}2)

Do¢ = [pa, ¢] + ig[Aq, ¢] Fio = [p1,A2] = [P2, A] +ig[Aq, A, ]



Gauge model Vacuum

- EOM:
—(1= € Fpy + (5 — )’ + 2ieg{Frp, d} — D Dy — €:{X", {Xe, }} = 0

_ 2y .aB
(-e)e” 2 ) DB(FQ—ucp)+2ieeaB{DB<;b7qb}—[Dad),d)]—ez{{xa,d)},q;} =0

where X4 = pg + 1GAq

- 2 classical vacua, both with S = 0:

A1=O A2=O d):

- 11l-phase?



Gauge model Divergences

- pp-sector:
52”3U292/\2J¢ o s
(8/€° =14+ )T u"g’ log A J do e
- AA-sector:
7_(3[/’292

- nonrenormalizable



Gauge model Chern-Simons term

- Chern-Simons term:
ay ) b\ | 2 H
-_—— _. —_ —_— —_— a —_—
Ses = 3 tr( i3 e)(ﬂz E>+ =X X (¢ 26))
- no trivial vacuum
- striped vacuum:
Scs=0 Sym +Scs =0
- translationally invariant nontrivial vacuum @ € =1, a = 6:
A=A =0 d=u

2 2
Sym + Scs = 2u4tr(]l—%(X2 + vz)) ~ N <0



	GW model
	Matrix model & Phase transitions
	Analytical results
	Conclusions & Outlook
	Appendix

